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Abstract: We consider tlie possible consistent truncation of A^-extended supergravities 
to lower A^' theories. The truncation, unlike the case of A^-extended rigid theories, is non 
trivial and only in some cases it is sufficient just to delete the extra N — N' gravitino 
multiplets. We explore different cases (starting with A^ = 8 down to A^' > 2) where the 
reduction implies restrictions on the matter sector. We perform a detailed analysis of the 
interesting case N = 2 — > N = 1. This analysis finds applications in different contexts 
of superstring and M-theory dynamics. 



1 Introduction 



It is well known that for globally supersymmetric theories, with particle content of spin 

0, |, 1 any theory with supersymmetries can be regarded as a particular case of a theory 
with a number N' < N of supersymmetries [|l| . To prove this it is sufficient to decompose 
the N supersymmetry-extended multiplets into A^'-multiplets. 

Of course A^-extended supersymmetry is more restrictive than N' < N supersymmetry 
implying that the former will only allow some restricted couplings of the latter. As we are 
going to show in the present paper the same argument does not apply to supergravity the- 
ories. Indeed, let us consider a standard A^-extended supergravity theory with A^ gravitini 
and a given number of matter multiplets with spin 0, |, 1: then the A^'-extended super- 
gravity obtained by reduction from the mother theory will no longer be standard because 
a certain number N — N' of spin | multiplets appear in the decomposition. Therefore to 
obtain a standard A^'-extended supergravity one must truncate out at least the N — N' 
spin I multiplets and all the non-linear couplings they generate in the supergravity action. 

The most known example is A^ = 2 supergravity in presence of hypermatter 0, 0, 

01, 10. The non-linear couplings of the hypermultiplets generate what is called a "quater- 
nionic geometry" 0. If we regard the N = 2 hypermultiplets as a pair of A^ = 1 Wess- 
Zumino multiplets, what we obtain is incompatible with A^ = 1 supergravity where the 
non-linear couplings must describe a Kahler- Hodge manifold geometry ||^. Therefore, in 
order to consistently reduce a A^ = 2 supergravity to a A^ = 1 theory, the former theory 
must have the property that a certain submanifold of the original quaternionic manifold 
be a Kahler-Hodge manifold. 

Note that in rigid supersymmetry hypermultiplet couplings are described by HyperKahler 
geometry which is instead compatible with A^ = 1 supersymmetry. 

As an illustrative example let us consider maximal N = 8 supergravity in D = 4 [0 trun- 
cated to lower A^' supergravities. In this situation the consistent truncation consists in 
deleting only spin | multiplets for sufficiently high A^' (A^' = 6, 5, 4), but for A^' < 4, where 
the matter sectors begin to appear, the consistent truncation also requires to delete some 
matter multiplets. We will illustrate how this process of reduction can be understood 
in group-theoretical and geometrical terms, by requiring that certain geometrical condi- 
tions dictated by supergravity define some submanifold of the original scalar manifold 
E^7)/SU{8) ofN = 8 supergravity. 

Returning to the N = 2 — > N = 1 case, we can show that this generally demands 
a reduction of both special Kahler manifold {A4^^ {ny)) |@|,[i]7 [0, and quaternionic 
manifold (Ai^^nn)), where ny and uh are the number of vector multiplets and hypermul- 
tiplets respectively. By equipping these manifolds with complex coordinates z-^ G Ai^^ 
(X = 1, ■ ■ ■ , ny) and real coordinates g" G Ai^ {u = 1, ■ ■ ■ , Ann) the Riemann tensors are 
given respectively by: 

^ijKX = 9ic9kj + 9icc9jj - CycjfCxK.Ma^'^ (1-1) 

n'-^.K^u^,^ = -^n;^ia.)^^c-^ + wi;^e''^ (1.2) 

where the SU{2) triplet and singlet parts are the SU{2) and Sp(2nH) curvatures respec- 
tively.Q Here A,B = l,2;x = l,2,3 are indices of the fundamental and adjoint represen- 

^Here by Sp{2nH) we denote the compact form of the symplectic group sometimes called U Sp{2nH) 
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tation of SU{2) and a, (3... — 1, • • • 2nH are indices in the fundamental representation of 

Sp{2nH) ■ 

The Kahler metric Qj-^ = djd^lC, with JC = — log[i(X Fa — F\X^)], is given in terms of 
(X^, Fa) which arc the holomorphic symplectic sections of Ai^^ (they arc related to the 
covariantly holomrphic symplectic sections {L^,Ma) by {L^,Ma) = e~ {X^, Fa)). The 
tensor Cxkm is threefold symmetric and covarianty holomorphic, i.e. Cxkm — ^^Wxkm 
(with WxKM holomorphic). 

On ^ U"'^ denotes the vielbein 1-form. Furthermore, we have: 

= dcu^ + ^e^'y'uy Au' = -iCa^(a^)ABW"'^ A U^^ , (1.3) 

where Op^^^ is completely symmetric in its four indices. 

The N = 2 ^ N = 1 reduction imposes a number of conditions on the above defined 
structures, which have to be satisfied in order to have a consistent reduction. In par- 
ticular, we find that the two scalar manifolds M.^^ and M.^ have to be reduced to the 
submanifolds MR{nc) <Z M^^ and M^^{nh) <Z M.'^ , where nc < ny — n'y, rih < nn 
are the complex dimensions of the two Kahler-Hodge manifolds M.r and M.^^ and n'y 
is the number of = 1 vector multiplcts. 

We first discuss the two extreme cases n'y = ny {nc = 0) and n'y = { nc = ny). In 
the first case no = 1 chiral multiplet coming from N — 2 vector multiplet is retained 
and all = 1 vector multiplets may remain. In the second case, all the N — 1 vector 
multiplets are truncated out, and no restrictions appear on the special-Kahler manifold: 
Mr = M^^. 

In the general case, let us decompose the coordinates on J\4^^: 

z^^{z\z'') (1.5) 

and those on Al*^: 

q"" ^ {w',nf,n\n^) (1.6) 

where (i = 1, • • • , nc) and {s — 1, ■ ■ • , nh) are the holomorphic coordinates in A4r 

and M.^^ respectively, and (a = 1, ■ ■ ■ , = ny — nc) and n* {t = 1, ■ ■ • , nn — nh) 
are the holomorphic coordinates in their orthogonal complements. Splitting furthermore 
the N = 2 vector indices A — >• (A, X), where A = 1, • • • , n'y and X = 0, 1, ■ ■ ■ , nc, we find 
the following constraints to be satisfied on A4r x M.^^ from supersymmetry reduction. 
On A4r we get, for consistent reduction of the special geometry sector in the ungauged 
case: 

CijalMR — j Ca^jlMn — (l-"^) 

L^Imr = , /^Imr = Vi-L^lx^ = (1.8) 
/<fK = V„L^U, = (1.9) 

The parent (non holomorphic) vector kinetic matrix A/as satisfies on AiR. 

A4y|>iH = 0, (1.10) 

{i.e. Sp{2) = SU{2)). 
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Furthermore we obtain that J^aj]\mr = |/as is holomorphic, while Mxy has no restric- 
tions and gives the period matrix on A4r, which is indeed a Special-Kahler manifold. 

For the hypermultiplet sector, the reduction is more subtle because we have to reduce 
the holonomy from SU{2) x Sp{2nH) to U{1) x SU{nh) which corresponds to decompose 
the SU{2) indices A, B, ... (1, 2) and the Sp{2nH) indices a, (3... — > (/, /). The following 
constraints are found on the geometrical structure of the manifold A4^^ G A4'^ 

^UKtlMt^H = (1.11) 

W|a4A'« = {U^'y\M'<« = 0. (1.12) 



In particular, the second equation implies that the complex scalars of the chiral multi- 
plets coming from the reduced quaternionic manifold are at most half of the quaternionic 



dimension of the original N = 2 manifold ||T0 | 



The present investigation concerning the = 2 — = 1 reduction is further analyzed 
in the most general case when isometrics of the scalar manifolds are gauged. 

In particular we find that the number of reduced = 1 vector multiplets and of 
= 1 chiral multiplets obtained by truncation of the N = 2 vector multiplets (which are 
in the adjoint representation of some gauge group C-^^) depend on the gauge group 
under which the reduced hypermultiplets are charged. Indeed, iiAdj{G^^^) Adj{G^^^) + 
R{G^-^^), then the chiral multiplets coming from N = 2 vector multiplets are in RiG'^^^). 
The reduction of the gauge group further implies constraints on the special geometry and 
quaternionic Killing vectors and prepotentials |jlll,[^. For the Kahlerian Killing vectors 
fcj and prepotential we find: 

A;5^ = 0, kl = Q (1.13) 
k\ = ig%Pl ^ (1.14) 
P° = 0. (1.15) 

Furthermore, for the quaternionic Killing vectors k\ and SU{2)-valued prepotentials P^, 
we find: 

fc^ = 0, k\ = 0, (1.16) 
kl = ig'^d^Pl ^ 0, (1.17) 
Pl = 0, (1.18) 
Pl = 0, (i = l,2). (1.19) 

The A^ = 1 D-term and superpotential are respectively given by 0: 

= -2{lmf)-'^^{P^{z,z) + PUw,W)) (1.20) 
L = e^WM = \L-{Pk-iPl 



1.21 



where Kr, JCh are the Kahler potentials on JUr and ^A^^ respectively. 

This reduction may find applications and is in fact related to many interesting aspects 
of string theory or M theory compactified on a Calabi-Yau threefold. Indeed M-theory 



^Particular cases of these formulae have been obtained in |12l 
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on a Calabi-Yau threefold originates a N = 2 theory in five dimensions [^]. Trivial 
reduction on would give a N = 2 theory in D = 4. However, if we reduce on the 
orbifold / Z2 |^ - then we obtain a = 1 theory with a particular truncation of 
the D = 5, N = 2 supergravity states. Other applications are related to brane-dynamics 
where the theory on the brane has lower supersymmetry than the theory on the bulk ||29| , 

A different mechanism is obtained by considering Type IIB theory on a Calaby-Yau 
threefold in presence of if-fluxes - p2[ where also = 1 (or = 0) supersymmetric 
vacua can be studied. 

A related issue is the partial supersymmetry breaking of A^ = 2 down to A^ = 1 
through a superHiggs mechanism |31], |3^. If one integrates out the massive gravitino, 



then the theory should become a A^ = 1 theory. In this case to "integrate out" is in 
principle different from truncating unless very special situations occur. However in the 
minimal model studied in reference the resulting A^ = 1 Lagrangian is a particular 



case of the general case studied here. 

The paper is organized as follows: 
In section 2 we study the decomposition of the N = 8 supergravity multiplet into N' < 8 
supermultiplets and infer the reduced theories from group-theoretical arguments. 
In section 3 we extend the analysis to three, five and six dimensional maximal supergrav- 
ities reduced to eight supercharges. 

In section 4 we give the interpretation of the reduction procedure in a geometrical setting 
which will be useful to apply our results to the specific problem of the N = 2 — > N = 1 
reduction. 

In section 5 we discuss the constraints coming from supersymmetry when the reduction 
procedure is applied to ungauged theories. 

In section 6, which is the heart of the paper, we give the analysis of the N = 2 — > N = 1 
reduction in detail, also in presence of gauging, both in the vector multiplet and hyper- 
multiplet sectors. At the beginning of the section we discuss the constraints coming from 
the gravitino truncation, while in section (6.1) and (6.2) we study the reduction of the 
N = 2 vector multiplet sector. Subsection (6.3) is devoted to the truncation of the hy- 
permultiplets sector, while subsection (6.4) discusses further consequences of the gauging. 
In subsection (6.5) the computation of the reduction of the scalar potential is given, and 
finally in subsection (6.6) we give examples of supergravity models which realize this con- 
sistent truncation. 

The Appendices include some technical details related to the reduction. In particular, 
in Appendices A and B we show the consistency of the N = 8 ^ N = N' truncation 
in the superspace Bianchi identities formalism and we apply it to the A^ = 2 — A^ = 1 
reduction of gauged supergravity. In Appendix C we prove a formula valid for the N = 2 
vector multiplets which is useful for the truncation. Appendix D refers to the reduction 
of the special-Kahler manifolds with special coordinates; Appendix E contains the reduc- 
tion of an important relation valid on quaternionic geometry in presence of isometrics 
and Appendix F shows the consistency of the reduction of the N = 2 scalar potential to 
A^ = 1 and exploits some magic properties of the supersymmetry Ward identities. Finally, 
Appendix G contains the explicit form of the N = 2 and A^ = 1 lagrangians which are 
left invariant under the supersymmetry transformation laws given in the text. 
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2 N = 8 — > N' reduction without gauging 



Reduction of = 8 supergravity to 2 < A^' < 6 offers interesting examples of consistent 



truncations of standard supergravity |33[l,[p4 



We restrict our analysis to theories whose cr-models are given by symmetric spaces G/H. 
This includes all the theories with A^' > 3 and a subset of the N = 2 theories. The 
analysis turns out to be particularly simple in all these cases. 

Let us first consider A^' = 5, 6 where the reduction only involves the graviton multiplet 
and N — N' spin | multiplets. 

In the A^ = 6 case the A^ = 8 R-symmetry group SU (8) decomposes as: 



SU (8) ^ SU (6) X f/ (1) X SU (2) 



(2.1) 



where SU{2) is the group commuting with the A^' = 6 /^-symmetry U{6). Correspond- 



ingly the A^ 
follows: 



8 graviton multiplet decomposes into A^' = 6 spin 2 and | multiplets, as 



;2),8(|), 28(1), 56(^), 70(0) 



[2),6(-),(15 + l)(l),(20 



6)(2)>(15 



15) (0) 



|),6(l),15(^),20(O) 



(2.2) 



The hypersurface corresponding to freeze 40 scalars of the spin | multiplets is precisely 
the A^' = 6 (T-model described by the symmetric space SO*{12)/U{6). Therefore by just 
deleting the two spin | multiplets one obtains standard A^ = 6 supergravity. 

Let us now consider A^' = 5. In this case the decomposition of the N = 8 graviton 
multiplet into N' = 5 multiplets, corresponding to the R-symmetry decomposition 



SU (8) ^ SU (5) X f/ (1) X SU (3) 



(2.3) 



is: 



(2),8(|),28(l),56(i),70(0) 



[2),5(|),10(l),(10 + l)(i),(5 + 5)(0) 



|),(5 + l)(l),(10 + 5)(^),(10+T0)(O) 



(2.4) 



If we delete the three spin | multiplets we obtain standard A^ = 5 supergravity, or, 
geometrically, freezing the 60 scalars inside the spin | multiplets corresponds to single 
out the manifold SU{5, l)/U{5) C E^7)/SU{8). 

When A^' < 4 a new phenomenon appears since in this case also matter multiplets start 
to appear in the decomposition of A^ = 8 supergravity into A^'-extended super gravities. 
Therefore in this case deleting the spin | multiplets is only a necessary, but not sufficient 
condition to obtain a consistent A^'-extended supergravity theory. 

Let us first start with A^' = 4 (this actually corresponds to compactify a Type II theory 
in ten dimensions on T2 T4/Z2). The decomposition of the N = 8 graviton multiplet 
into A^' = 4 multiplets, corresponding to 



SU (8) ^ SU (4) X SU (4) X U (1) 



(2.5) 



5 



is: 



(2),8(^),28(1),56(^),70(0) 



(2),4(^),6(l),4(i),2(0) 



[f),4(l),(6 + l)(i),(4 + 4)(0) 
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;i),4(-),6(0) 



(2.6) 



If we now delete the 4 spin | multiplets this is equivalent to freeze 32 scalars. When 
this occurs the Ej(j)/ SU{S) manifold reduces to the submanifold {SU{1,1) /U{1)) x 
5*0(6, 6)/S'[/(4) X S'?7(4), corresponding to the product space of the = 4 supergrav- 
ity (T-model and the cr-model of 6 vector multiplets. In this case a standard A^' = 4 
supergravity coupled to 6 vector multiplets corresponds to a consistent truncation since 
E^^^) D SU{l,l) x SO(6,6). 

Let us now consider A^' = 3. In this case we have the following decomposition of the 
N = 8 R-symmetry group: 



SU (8) SU (3) X f/ (1) X SU (5) 



(2.7) 



SU (3) X U (1) being the R-symmetry of the = 3 theory. Note that this case is dual to 
the N' = 5 case with the roles of SU{N') and SU {N — N') exchanged. The decomposition 
of the A^ = 8 multiplet is now: 



(2), 8(3/2), 28(1), 56(-), 70(0) 



(3/2), 3(1), 3(-), 2(0) 
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(2), 3(3/2), 3(1), (-) 



(3 + !)(;.), (3 + 3)(0) 



:2.8) 



If we now delete the spin | multiplet we freeze the corresponding 10 scalars. In this 
case, however, it is obvious that we cannot define a submanifold of E-j(j)/ SU{9>): indeed 
the standard A^ = 3 supergravity coupled to n vector multiplets |^ has a non linear 
d-model of the form SU{?>,n) / SU{?>) x U{1) x SU{n) and , forn = 10, SU{?>, 10) is not a 
subgroup of -E'7(7) . Therefore we must ask the question whether there is some n for which 
SU{'i,n) C -£^7(7). The answer is n = 4 since 



^7(7) 3 5f/(4,4) D 5f/(3,4) X U{1) 



(2.9) 



Therefore the maximal A^' = 3 supergravity contained inside the A^ = 8 theory corre- 
sponds to the coupling with 4 matter multiplets and the corresponding cx-model lives in 
the submanifold 

f/(3,4)/f/(3) X U{A) C E^i^)/SU{8) (2.10) 

As far as (continuous) duality is concerned, we see that the 3 graviphotons and 4 matter 
vectors are in the fundamental of 5'f/(3, 4) as required by supersymmetry since 



56 



21 + 21' + 7 + 7' 



(2.11) 



This means that the 15 + 6 vectors coming from the five gravitino multiplets and six 
residual matter multiplets should combine in the antisymmetric of S'[/(3,4). 
We note that if we instead use the chain 



Ar = 8^A^' = 4^A^' 



(2.12) 
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we would only obtain a non-maximal theory with three matter multiplets since in that 



case 



^7(7) ^ SU{1, 1) X S0{6, 6) ^ SU{3, 3) x f/(l) 



(2.13) 



The latter is a particular case of the more general fact that N = A with 2n vector multiplets 
can be consistently truncated to = 3 with n vector multiplet^ using the chainQ 



SO{6,2n) D SU{3,n) x f/(l) 



and 



SO{6,2n) 



D 



SU{3,n) 



(2.14) 



(2.15) 



30(6) X S0{2n) SU{3) x SU{n) x f/(l) 

The last case we would like to consider is A^' = 2 where there are two kinds of matter 
multiplets, namely the vector multiplets and the hypermultiplets. In the standard N = 2 
theory the corresponding cx-model generally is not a coset, but we limit ourselves to 
examine this case, namely M. = G / H . The consistent truncation will now receive severe 
constraints on the matter content since the submanifold of the N = 8 a-model must 
factorize as: 

M^^inv) X M^inn) C Er^y)/SU{8) (2.16) 

where we have denoted with A4^^{nv) and A4'^{nH) the special-Kahler and quaternionic 

manifolds of real dimensions 2nv and Ann respectively. 

The decomposition of the = 8 graviton multiplet gives now: 



(2), 8(3/2), 28(1), 56(-), 70(0) 



[(2), 2(3/2), (1)] 



6 



[3/2),2(l),(-) 



15 



;i),2(-),2(0) 



20 



),2(0) 



(2.17) 



We immediately see that deleting the spin | multiplets all the scalars survive. So the 
question is now, how many scalars we must delete so that the scalar submanifold enjoys 
the above property of reducing to A4^^ (ny) x J^A'^^uh)- 
Two immediate solutions are obtained p8|. For uh = 0, ny = 15 we find: 



M^'^inv = 15) = SO*{12)/U{6) C Er^r)/SU{8) 

which is indeed a special-Kahler manifold (coinciding with the a-model of 
gravity). The other solution is ny = 0, uh = 10 for which 

M'^iuH = 10) = E6(2)/5[/(6) X SU{2) C E7(7)/5f/(8) 



(2.18) 
6 super- 



(2.19) 



which is indeed a quaternionic space. It corresponds to the a-model obtained by com- 
pactification of Type IIB on Tq/Z^ where only the untwisted states were retained. 
By c-map of (|2.19| ) we obtain another solution with ny = 9 and Uh = 1 corresponding to 
Type IIA on Tq/Z^ m 



SU{3,3) 



SU{2,1] 



SU{3) X SU{3) X f/(l) SU{2) x U{1) 



(2.20) 



^Note that in string theory this would imply n = 11 in agreement with [ p6| 

'^N = 3 models based on brane flux supersymmetry breaking have recently been constructed 
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If we look for other maximal subgroups Gi x G2 C £"7(7) we find |^ (see Table 

SO{Q, 2n) C 5?7(3, n) x f/(l) (2.21) 

GixG2 = Sp{6, R) X G2(2) ; SU{1, 1) x £4(4) ; SU{1, 1) x ^0(6, 6) ; SU{A, 4) (2.22) 
The first two correspond to (ny, uh) = (6, 2) and to its c-map image (1, 7), namely: 

^P(^^^K-^cE,,,,/SUi8) (2.23) 



U{3) SO{A) 

SU{1, 1) F4(4) 



C E7(7)/5t/(8) (2.24) 



U{1) Usp{6) X Usp{2) 

From the last two cases we can obtain a = 2 truncation of = 4 and = 3 
supergravities with six and four hypermultiplets respectively: 

50(6,6) 50(6,4) 



50(6) X 50(6) 50(6) x 50(4) 
5C/(4,3) 5f/(4,2) 



5f/(4) X SU{3) X f/(l) 5f/(4) x SU{2) x f/(l) 

with (nvynn) = (1,6) and (uvjUh) = (0,4) respectively. 
The first, together with its c-map {nv,nH) = (5,2) 



(2.25) 
(2.26) 



^^(1,1) ^ ^0(2, 4) go (4, 2) 

[/(I) 50(2) X 50(4) 50(4) x 50(2) ^ ' ^ 

corresponds to Type IIB (Type IIA) on Tq/Z^. The last is a truncation of the (ny, hh) = 
(0, 10) case and its c-map is 

S£/(3,l) , SU(2A) p^^^j 



5f/(3) X f/(l) 5f/(2) X t/(l) 

with {nv,nH) = (3, 1) ( This is a truncation of the {nv,nH) = (9, 1) case.). 
By the decomposition 

50(6, 6) — > 50(4, 6 - p) X 50(2, p) (2.29) 
we can obtain the additional cases: 



{nv = 2,nH = 5) 


p = 1 


(2.30) 


(nv = 4, n/^ = 3) 


p = 3 


(2.31) 


{nv = 3,nH = 4) 


p = 2 


(2.32) 


{nv = 6,nH = 1) 


p = 5 


(2.33) 


{nv = 7,nH = 0) 


p = 6 


(2.34) 



SNnfp ihaf SO{4:,2) SU(2,2) 
INOie mat 5o(4)xSO(2) ^ SU{2)xSU{2)xU{l)- 



Their c-map do not give new models. We note that the case p = 6 is a truncation of the 
{ny^nu) = (15,0) case and that the case p = 5 is not a subcase of the {nv,nH) = (9, 1) 
case because the corresponding quaternionic manifold is in this case usp(^2)xUsp{2) which is 
not the same of the (riy, uh) = (9, 1) case. 

In conclusion we have found eleven "maximal" cases: the cases {nv,nH) = (15,0), (6, 1) 
which have no c-map counterpart, the case (ny, uh) = (3, 4) which is self conjugate under 
c-map and four pairs conjugate under c- map, namely: 

(2.35) 
(2.36) 
(2.37) 
(2.38) 



{nv 


= Q,nH 


= 2) % 


-map , 

— ^ {nv = 


l,nH = 


7) 


(nv 


= 5,nH 


= 2) % 


-map / 

— ^ {nv = 


l,nH = 


6) 


{nv 


= 0,nH 


= 10) 


c—map , 

< > [ny = 


= 9,nH -- 


= 1 


{nv 


= 4:,nH 


= 3) " 


-map , 

— ^ {nv = 


2,nH = 


5) 



Many of these cases can be retrieved from Type II string theories compactified on Z^v 
orbifolds which preserve one left and one right supersymmetry p3 , ETI . 



3 D = 3, D = b and D = 6 reduction of maximal 
supergravity to theories with eight supercharges. 

The same analysis can be carried out in = 2 theories (eight supercharges) in D = 3, 
D = 5 (for the cases where the scalars span a symmetric space) and in D = 6. 

In D = 5, N = S supergravity has a non-hnear cx-model i?6{6)/f^'S'p(8)[Q. We consider 
only the = 8 ^ = 2 case. 

The 42 scalars, decomposed with respect to the N = 2 theory, consist of 14 scalars 
belonging to vector multiplets and 4 x 7 = 28 scalars belonging to quaternionic multiplets. 



givmg [nv 



^6(6) 



and 



14:, uh 

-^4(4) 



0) and 

C ^' 



(nv 



SU*{6) 



c 



6(6) 



0, Uh = 7) models which correspond to ^gp(^Q^ 

For each model in D = 4 there is a parent in D = 5 
= cases). 



USp{8) USp{e)xUSp{2) ^ USp{8) 

(the above correspond to the nv ■ uh 

If we now look to spaces with isometry groups Gi x G2 C -^6(6), where Gi, G2 corre- 
spond to real special geometry and quaternionic geometry respectively, we find (see Table 

d X G2 = 5L(3,C) X Sf/(2,1) (3.1) 



which give rise to 



SL(3,C) SU {2,1) 



X 



C 



6(6) 



and 40 



5f/(3) SU{2) X U{1) USp{8) 



GixG2 = 5L(3,1R) X G 



[nv 



Uh = I] 



2(2) 



givmg 



5L(3,1R) G2 



(2) 



C 



6(6) 



^0(3) so {4) USp{8 



{nv = 5 , Uh = 2). 



(3.2) 

(3.3) 
(3.4) 
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If we go through the = 4 theory we also get the series of six cases 

(3.5) 

So we see that there are ten D = 5 cases with similar types of quaternionic manifold as 
in D = 4 (with the only exception of the uh = 10 case.). 

In D = 6 the AT = 8 ((2,2) theory) a-model is SO{5,5)/SO{5) x S0{5). If we 
decompose the (2, 2) theory with respect to the (1, 0) theory we get 5 tensor multiplets 
and 5 hypermultiplets corresponding to 

30(1,5) 30(5,5) SO (A, 5) SO(5,5) 

S0(5) 50(5) X 50(5) ' 50(4) x 50(5) 50(5) x 50(5)' ^'^ 

These are the rir ■ tlh = cases. 

Again we can now look at subgroups Gi x G2 C 50(5,5) where Gi = 50(1, n^) and 
G2 is the isometry group of a quaternionic manifold. 
We find a series analogous to the D = 5 case (p.5|) , with 

Gi = 50(l,p), G2 = 50(4,5-p) [ut = p,nv = 5 ~ p) (3.7) 

corresponding to the manifolds 

50(1, p) 50(4, 5 -p) , , , , 

50(4) X 50(5 -p) K = P."« = 5-P). 0<p<5 (3.8) 

which contains also the above mentioned ut ■ nu = cases (B.6|). 



The reduction ofA^ = 8— i^A^ = 2 supergravity studied in D = 6, 5 and 4 finds a 
further simplification if we look for theories with eight supercharges in D = 3, where the 
R-symmetry is SU(2)i x SU(2)2. 

In fact, if we compactify Type II on a Calabi-Yau threefold times 5i, down to D = 3, 
then Type IIA and IIB become the same theory with 1-^2. The = 4 a-model is a 
product of two quaternionic geometries, where uh^ = + 1, = ^2,1 + 1, the extra 
quaternion coming from the graviton and graviphoton degrees of freedom. 

More generically, suppose we have a theory which at D = 4 has a cr- model Ai^^(ny) x 
A4*^(n//), then its dimensional reduction to D = 3 will give rise to a iV = 4 SU(2)i x 
311(2)2 theory with cx-model M'^^(nHi = ny + 1) x M'^^(nH2 = n-n), where M^^ is the 
dual quaternionic manifold of A4^^(nv)- 

Using the previous recipe, if we look to the D = 4, N = 2 theories of section 2 obtained 
from = 8, we can predict A^ = 4 theories at D = 3 which are embedded in the — 



50(16) 



(T-model of D = 3, A^ = 16 maximal supergravity. 

From (ny = 15, uh = 0) and (ny = 0, riu = 10) we respectively obtain: 

_1 „ _in^ SU(2,1) ^6(2) ^8(8) .oin^ 

(n^, - 1, n^, - 10) , ^f^(2) X U(l) ^ SU(6) x SU(2) ^ 50(16) ^^'^^^ 

_0„ _7^ '^2(2) i^4(4) ^8(8) . ^ 

(UH, - 2, n^, - 7) , X Jj^^^oy^^Jj^^ C (3.11) 
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Also, by using the embedding |^ -E'scs) ^ SO {8, 8) we have the further possibility: 
^8(8) ^ ^0(8, 8) ^ S0{4,k)x 30(4,8 -k) 



50(16) 50(8) X 50(8) 50(4) x 50(A;) x 50(4) x 50(8 - k) 

with riHi = k, = 8 — A; (A; = is a subcase of the (ufji = 16, nj^j = 0) case, since 
50(4,8) X SU{2) C i?7(_5).). They are all dimensional reductions of the cases previously 
studied at D = 4. 

For the decomposition of the isometry group of maximal D = 3 supergravity to maximal 
subgroups, see Table H. 



Table 1: Decomposition of "duality" groups of maximal D = 3,4,5 supergravities with 
respect to maximal subgroups relevant for supergravity reduction. 1 52 ],[5D| 



Some Maximal subgroups of 

50(16) 
50(8,8) 

E7(-5) X 5f/(2) 
^6(2) X SU{2, 1) 
G2{2) X ^4(4) 



Some Maximal subgroups of E-j(jy. 
SU{8) 
5f/(4,4) 
^6(2) X 50(2) 
50*(12) X SU{2) 
50(6,6) X 5f/(l,l) 
5[/(3,3) X 5f/(2,l) 

5f/(l, 1) X F4(4) 

5p(6,lR) xG2(2) 



Some Maximal subgroups of -£^6(6) = 
USp{8) 

Fa(a) 

SU*{6) X SU{2) 
50(5,5) X 50(1,1) 

5L(3, IR) X G2(2) 
5L(3,(D) X SU{2,1) 



4 Geometrical interpretation 

It is interesting to analyze the results of the previous section in geometrical terms, that 
is to explore the consistency of the reduction of the N = 8 cr-model E^j^/ SU(8) to the 
appropriate submanifolds for different values of A^'. A consistent truncation of a manifold 
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of dimension n to a submanifold of dimension n — k can be obtained by considering a set 
of k 1-forms 0*, i = 1, ■ ■ ■ , fc, which vanish on the submanifold and such that they are in 
involution, that is: 

d(t)' = 6] A <i)^ (4.1) 

where 6** are suitable 1-forms on the manifold. 

To apply this result, known as Frobenius theorem, to our problem we consider the 
coset representative U of Ej(j)/ SU{S) in the 56 fundamental representation of -^7(7) and 
the corresponding left invariant 1-form 

V^U-'dU=(^^ ^) (4.2) 



p n, 

satisfying the Cartan-Maurer equation 

rfr + r A r = 0. (4.3) 

Here the 28 x 28 subblocks Q and P embed the SU{8) connection and the vielbein of 
Ey^j)/ SU{8). Introducing indices A, B = 1, ■ ■ ■ ,8 we have explicitly: 

Q = 2J\6^^- P = Pabcd (4.4) 

where uj^^ is the SU{8) connection and Pabcd is the vielbein of E^ij) / SU {8) , antisym- 
metric in its four indices and satisfying the reality condition: 

Pabcd = -^^abcdpqrsP ■ (4.5) 
From the Cartan-Maurer equations one easily finds the two structure equations: 

^ rfc.^^ + .;^^Ac.^^ = -V^''^APBLMiv (4.6) 

^pABCD ^ ^-pABCD _ ^JAj,BCD]L ^ 

Equation ( [4. 61 ) gives the SU (8) Lie algebra valued curvature R^^ in terms of the vielbein 
of the symmetric coset Ej(j-)/ SU{8) and equation (|477| ) expresses the fact that the same 
manifold is torsionless. Note that, since the coset is symmetric, the Lie algebra connection 
uj\ is simply related via a structure constant to the Riemannian spin connection. 

Let us now consider how the vielbein Pabcd decomposes under the holonomy reduction 
SU{8) — > SU{N') X f/(l) X SU{8 - N'). We call a, 6, c, ■ ■ ■ = 1, ■ ■ ■ , A^' the indices of 
SU{N') and i,j,k--- = 1, ■ ■ ■ ,8 — N' the indices of SU{8 — N'). Then the holonomy 
reduction gives the following fragments: 

Pabcd ^ Pabcd © Pabd © Pabij © Paijk © Pijkl (4.8) 

where actually some of the fragments can be zero if the number of antisymmetric indices 
of SU{N') or SU{8 — N') exceeds A^' or 8 — A^', respectively. Now we observe that Pabcd 
satisfies equation (|4.71 ) which gives for this particular component: 



^We use notations as in rcf. WSl 
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We see that, in order that equation ( |4.9| ) describe a torsionless submanifold with SU{N') x 
U{1) holonomy, we must set u!"'^ = and since 

R% = duj\ + uj\ A uj'i + uj% A uj\ = _lp«^*^^ A P.LMN (4.10) 

o 

we must also impose that, on the submanifold whose vielbeins are P"-^'^'^^ the curvature 
with mixed indices is zero, namely i?" = —\P /\PiLMN = 0. Using the decomposition 
(|4.8| ), equation (|4.1(]| ) can be rewritten as follows 

da;", = -<Acu^,-a;'^, Aa;^,-^p-^'^''AP,,ed 

o 

- Ip'''''aP.,c,-Ip'''''aP.,,,-Ip'''''aP.,,i (4.11) 

On the basis of the Frobenius theorem, each term on the r.h.s. of ([4.11|) must be in 
involution with 00""^, this is satisfied for the terms bilinear in the cu-connections, but not 
for those involving the vielbein. In order to obtain involution, we must also set to zero 
some of the vielbein 1-forms and verify that also these are actually in involution. Let us 
see how we can achieve this result in the various cases. 

When A^' = 6, Pijki = Pibjk = because we have 4-fold or threefold antisymmetrization 
of the SU (2) indices. Therefore it is sufficient to set 

P^,^, = T'"' = (4.12) 



on the submanifold in order to obtain involution, since in this case equation ( |4.11|) reduces 
to 

dw^i = -uj\ A - uj"^ A uj{ — ^ P'^i = (4.13) 

We still have to verify that also the vanishing 1-forms Pibcd are in involution with them- 
selves and with cu". Indeed, from equation ( |4.7| ), we find: 

= ^iJ-^p"^^''^ + ^iJ]^"'^^' + uj^P"""' + uj^T"''^ (4.14) 

and we see that every term in the r.h.s. contains either P"'^'^^ or a;" so that we get 
involution. 

We note that condition (|4.12|) is equivalent to impose that the SU{Q) x U{1) x SU{2) 
representation (20, 0, 2) must be absent in the reduction of the scalar vielbein, and this 
implies that all the 40 scalars of the A^' = 6 spin | multiplets must be frozen according 
to our analysis in the previous section. In conclusion, setting P"'^'^^ = and cu", = 0, we 
define a consistent truncation of the = 8 theory down to a A^' = 6 theory since the 
above conditions define a submanifold of holonomy SU (6) x U{1) x SU (2) whose curvature 
is easily seen to be given by 

R\ = -Ir'™'^ A n,„„. (4.15) 

The corresponding manifold has dimension 30 and of course coincides with SO*{12)/U{6). 

The cases N' = 5 and A^' = 4 can be treated in exactly the same way. For A^' = 5, 
equation ( ^4.11| ) does not contain Pijki and in order to get involution we have to set 



abci ^abij 



(4.16) 
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which corresponds to delete, in the holonomy reduction ([^.3D, the representations (10, 1, 3) 
and (10, —1, 3) for the vielbein (because of the reahty condition (|4.5| )). According to the 



discussion of the previous section, this is equivalent to freeze the 60 scalars of the spin | 
multiplets. Using again equation ( |4.7| ), we can immediately verify that Pabd, PaUj and uj"'^ 
are indeed in involution so that the reduction to the submanifold 5*^7(1, b)/U{b) is indeed 
consistent. 

For A^' = 4, equation ( [4 .111 ) contains all the terms bilinear in the vielbeins. However 
it is sufficient to set 

Pabci = Pa^A- ^'^'l = (4.17) 



to achieve the vanishing of the r.h.s. of ( |4.11| ) on the submanifold. This corresponds 



to delete, in the holonomy reduction ( p.6|) , the representations (4, 1,4) and (4, —1,4) in 
the decomposition of the scalar vielbein, that is to freeze the 32 scalars appearing in the 
A^' = 4 spin I multiplets. Again the structure equation ( |4.7|) can be used to show that 
Pabci, Paijk and cu" are in involution so that we get a consistent reduction to the A^' = 4 
submanifold SU{1,1)/U{1) x 50(6, 6)/[^f/(4) x SU{4:)]. 

The reduction to the submanifold of the A^' = 3 theory requires a little more labor. 



In this case equation ( |4.11| ) does not contain the term p"''"^'^ /\ p.^^^^ and if we set 



P"'" = Pi.ki = (4.18) 

then 

i?", = -^r'^'AP,,,,^0 (4.19) 

We could of course set also p"'^-^^ = Q, but then we would be left with a theory without 
scalars, that is pure A^' = 3 supergravity theory. 

In order to obtain a matter coupled A^' = 3 theory, we further reduce the submanifold 
holonomy: 

SU{8) — > SU{3) X f/(l) X SU{5) — > SU{3) x f/(l) x SU{A) (4.20) 

To see that in this case we obtain a consistent submanifold, we split the SU{5) indices 
i, j, ■ ■ ■ = 1, ■ ■ ■ , 5 into SU (4) indices a, /3, • • • = 1, ■ • • , 4 and the index 5. Then we have: 

(4.21) 

A P^bp-y - Ip"'^' a P«,^5 (4.22) 
A (4.23) 

The vielbeins Paba/s and P^isab are in the representations (3, 6) and (3, 4) of SU (3) x SU (4), 
respectively. Hence if we delete the representation (3, 6), that is if we set 





' R R 5 


R\ 


_ l-pafe/37 




3 


R\ 


3 



abafi 



P5b/37 = (4.24) 



we get R'^a — R'^b — 0- ^^S^^ discussion given in the previous section for the 

same case, this corresponds to select, as different from zero on the submanifold, only the 
vielbeins with indices in the (3,4) rep. of the holonomy group U{3) x S'f/(4). We obtain 
in this case a consistent reduction to the submanifold spanned by the vielbeins Pab'y5 since 
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it can be easily verified that Pabca, Pabc5, Pap-yS, PajS^b, i^"a; ^\ involution among 

themselves. 

Finally, in the N' = 2 case, in order to have involution for uj°'^ = 0, we must have 

R% = -^r"^' A P,b,k - Ip""''' a Pijki = (4.25) 

on the manifold. 

If we take p"^-''^ (and its complex conjugate Pijki) or p"-'^' vanishing on the sub manifold 
this corresponds to delete the complex representation (1, —1, 15) or the real representation 
(2, 0, 20) of the holonomy group SU (2) xU{l) x SU{6). We may check immediately that 
in both cases the vanishing vielbein are indeed in involution with uj"'^ and with themselves. 
Indeed: 

dP""'' = 3o;[",p''''* + 3a;[;p'^^'V (4.26) 

and we see that in both cases the involution condition is satisfied. Therefore we have found 
a consistent reduction to the submanifolds SO* (12) /U (6) and Eq(^2)/ SU{6) x SU{2) which 
are special-Kahler and quaternionic manifolds respectively of maximal holonomy. 
The other cases treated group theoretically in the previous section can be handled in 
an analogous way, provided we reduce the holonomy of the resulting submanifold in a 
suitable way. We just give an example. 

Consider the manifold given in equation ( p. 201) , corresponding to (ny,n//) = (9,1). We 
decompose the representation 6 of SU{Q) into the representation (3, 1) + (1, 3) of SU{?>) x 
S'[/(3). Correspondingly, the index i in the 6 of SU{Q) is decomposed: 

z ^ a, d , (a, d = 1, 2, 3) (4.28) 

where a and a run on the fundamental rep of the two SU (3) groups. Then we have: 

R%^R\,R\ (4.29) 

and we find: 

^am-y (2,1,1) (2,3,3) i^;^^ (2,3,3) 

^"~'fs (M.3) (1,3,3) (1,3,1) 

+ P-'^' A P,,,, + r^^^ A Pj, + r^^^ A P„,,, (4.30) 

where we have set on the top of each vielbein the rep of SU (2) x SU (3) x SU (3) to which it 
belongs. We see that deleting the vielbein in the reps (1, 3, 1), (2, 3, 3) and (1, 1, 3) (and 
their complex conjugates) we get P"^ = so that involution is satisfied. An analogous 
computation can be done, with the same conclusions, for R"^^. Note that the vielbein 
which survive, Paa/s-y and Pabf^-y, in the representations (2, 1, 1) and (1,3,3) respectively, 
do in fact describe the vielbein system of the given manifold. 
The involution of the deleted vielbein is also easily proved. Indeed: 

cir'^" = 2.;['^,AP''l^^^+2^['^„AP'l"^"+2.;['^. AP'^''''"-2^[^,AP^^''^'-2^['^.^ (4.31) 



15 



and we see that each term contains at least a 1-form which is zero on the submanifold. 

It is a simple exercise to verify that one can actually further reduce the holonomy 
to all the holonomy subgroups of the various cases treated in Section 2 and find con- 
sistent reduction to the corresponding special-Kahler and quaternionic symmetric coset 
submanifolds. 



5 Consistency constraints from supersymmetry 

In the previous sections we have analyzed the effects of truncating out some of the su- 
percharges in the supergravity theories. In particular, in section 3 we have considered 
the effects of the reduction of the holonomy group for the various super mult iplets at the 
linearized level, while in section four we have studied the consequences of such a reduction 
on the scalar sectors. 

We still have to analyze if the consistency found at the level of cr-model in the geo- 
metrical analysis can be extended to the full supersymmetric level. 

For this purpose, we analyze the supersymmetry transformation laws of = 8 super- 
gravity, when the R-symmetry gets reduced from SU{8) to SU{N') x U{1). They are, 
neglecting three fermions terms: 

dV^ = -i^l^-eA + h.c. (5.1) 

5^ A, = V,e^ + TX^|,^7, (5.2) 

SXABC = PABCD.ad,<P^l^e^ +T^^s\,.l''^c] (5.3) 

= f^l(^t^^ + X^^^l,ec) + h.c. (5.4) 

5r = P^^'^^'^'^Xabc^d + h.c. (5.5) 



(the SU{8) indices A, - ■ ■ run from 1 to 8). We use the same notation as in reference | |43| | : 
we call U the coset representative of Ejij)/ SU{8) parametrized as follows: 

"-Uj^ 7-i) 

where and Hasab (A, S, ■ ■ ■ = l,---,8) are labelled by couples of antisymmetric 
indices AS andAB with A, S = 1 ■ ■ ■ , 8 and A,B = 1 ■ • ■ , 8. Therefore they describe 
28 X 28 sub-blocks of the 56 x 56 symplectic matrix (coinciding with the fundamental 56 
representation of -£'7(7)). Note that U transforms on the left as the 56 representation of 
£■7(7) and on the right as the 28 © 28 of SU{8) . 
In terms of / and h, the 2-form Tab is given by: 

Tab = —-{f )ABkT,F^^ = -{Iiky.abF^'^ — f'^QhT^ (5.7) 

where ^as is the magnetic counterpart of the field-strength F^^. The spinor fields 'f/'A^j 
and Xabc are the N = 8 left-handed gravitinos and dilatinos respectively. Finally, the 
covariant derivative acting on the spinors is defined as follows: 

VeA = VtA + uja^'^b (5.8) 
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where ujj^^ is the SU{^) connection and denotes the Lorentz covariant derivative. 

Let us first analyze the gravitino decomposition. We want to reduce the theory to an 
N' < 8 one. Therefore, to reduce the R-symmetry SU{8) —>■ SU{N') x f/(l), we decompose 
the holonomy indices A, ■ ■ ■ ^ [a, i) with a = 1, ■ ■ ■ , A^' and i = 1, ■ ■ ■ , 8 — A^'. We then 
have to truncate out (to set to zero) the 8 — A^' gravitinos ijji^j, and the corresponding 
supersymmetry parameters ej. We get: 

Si^a, = V^e, + uj^'e, + T;,^^^^;Ye' (5.9) 
6i;,, = uj^ea + Tr^^.l/Ye'^^O (5.10) 

The second equation, consistency condition for the truncation, imphes 

u;^^ = 0, Tr^=0 (5.11) 



The first condition in ( ^.11|) confirms the restriction of the scalar cr-models found in the 



previous section from the geometrical analysis, while the second one kills the vector su- 
perpartners of the erased gravitinos at the full interaction level. 

Then what is left, equation ( |5.9| ), is the correct transformation law for the survived 
gravitini, provided T,, = -^{J ~')abAj:F^'' (and T,,- = -i(J ~')^^j,^F^^ for A^' = 6) 
describe the correct expression for the (dressed) graviphotons in the reduced theory. 
Tab = —^{f )a6A-^^, with A running on the appropriate representation of the U duality 
group of the reduced theoryQ 

To this aim, let us first recall that, in all A^-extended theories, the electric and magnetic 
field-strengths transform in a representation of the U duality group whose dimension is 
the same as the fundamental representation of the embedding symplectic group Sp{2n^) 



1 4^ (n„ is the total number of vectors). Let us consider separately the cases A^' = 5,6, 
where all the vectors are graviphotons, from the A^' < 4 cases, where matter vectors are 
present. 

In the former cases, note that -£^7(7) (the isometry group of A^ = 8 theory) contains, as 
maximal subgroups: S0*{12) x SU{2) and S'f/(5, 1) x SU{?>). The duality groups for the 
A^' = 6, 5 are S0*{12) and SU{5, 1) respectively. The rep 56, in which the N = 8 vectors 
field strengths and their duals lie, decomposes respectively as follows (see also Table ^: 

^7(7) ^ 50*(12) X SU{2) 56 ^ (32, 1) + (12, 2) (5.12) 
^7(7) ^ SU{5, 1) X SU{3) 56 ^ (20, 1) + (6, 3) + (6, 3) (5.13) 

We note that in each case only a subset of the 56 field-strengths is transformed only with 
respect to the (reduced theory) duality group, while it is a singlet of the SU{8 — N') com- 
muting group, and this immediately identifies the electric and magnetic field strengths 
which remain in the gravitational multiplet after truncation. (Indeed this exactly repro- 
duces the counting at the linearized level, since we expect to have, in the gravitational 
multiplet of the A^' = 6 (respectively A^' = 5) theory, 16 (respectively 10) electric field 
strengths parametrized by Tab,Tij (respectively by Tab)- 

Therefore, in performing the truncation, we also have to decompose the representations of 
the A^ = 8 U duality group with respect to its maximal subgroups as in (|5.12|) , ( ^.131) , and 



''With abuse of language, we call U duality group the continuous group whose restriction to the integers 
is the U duality group of the theory. 
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Table 2: Duality reduction in D = A 



G = £'7(7) 




G ^ Gi X G2 


AT = 6 (# vect. = 16) 


S0*{12) X ^f/(2) 


56 — > (32,1) + (12,2) 


AT = 5 (# vect. = 10) 


5t/(5,l) X SU{3) 


56^ (10,1) + (To, 1) + (6, 3) + (6, 3) 


AT = 4 (# vect. = 12) 


SO{Q,Q) X 5f/(l,l) 


56 — > (12,2) + (32,1) 


TV = 3 vect. = 4) 


Sf/(3,4) X f/(l) 


56 — ^21 + 21 + 7 + 7 


AT = 2 (# vect. = ny + 1) 
nv = 
nv = 15 
nv = 9 
ny = Q 
ny = 2 


^6(2) X f/(l) 
50*(12) X SU{2) 
SU{3,3) X Sf/(2,1) 
^p(6,lR)xG2(2) 

5t/(l,l)xF4(4) 


56 ^ 1 + 1' + 27 + 27 
56 ^ (32,1) + (12,2) 
56^ (20,1) + (6, 3) + (6, 3) 
56 (1,14) + (6,7) 
56-> (4,l) + (2,26) 



to keep only the irrepses, in the decomposition, which are singlets under the commuting 
group, as shown in Table ||. 

Note that this prescription automatically guarantees the consistency of the truncation, 
since the objects to be truncated out (in particular the (12, 2) (respectively (6, 3) + (6, 3)) 
field strengths given by T^j and their magnetic duals), being in a non trivial representation 
of the commuting group SU{8 — N'), can never mix with those which have been kept, 
which are instead singlets. 

Let us now consider the matter coupled theories, and in particular A^' = 4 (the N' = 2 
case is similar). Here the argument is reversed with respect to the higher A^' theories, 
but with analogous conclusions. Indeed, the U duality group for the A^' = 4 theory is 
SU{1, 1) X 5*0(6, ra), and, for n = 6, it is indeed a maximal subgroup of the = 8 U 
duality group, (no commuting subgroup). Note that the fZ-duality group is now factor- 
ized into the S-duahty group SU{1, 1), which mixes electric with magnetic field strengths, 
and the electric T-duality group 50(6,6). We have, for the decomposition of the 56 of 
^7(7) ^ SU{1,1) X 50(6,6): 

56 ^ (2,12) + (1,32) (5.14) 

In this case it is the (2, 12) field strengths (given by the six graviphotons Tab and the six 
matter vectors Tij, together with their magnetic counterpart) which have to be retained, 
since they have the appropriate transformation property under the U duality group, while 
the extra 32 field-strengths (given by Tai and its magnetic dual), which are spinors under 
5*0(6, 6), have to be truncated out and do indeed belong to the extra gravitini multiplets. 
A similar argument as given previously still works for the consistency; indeed the field- 
strengths in the (1, 32), spinors under 50(6, 6), can be set to zero consistently since they 
cannot mix with the other field-strengths which are not in the spinor representation of 
5'0*(12). As far as the transformation laws for the vectors, scalars and spin one half fields 
are concerned, one sees that the decomposition confirms the results of the analysis at the 
linearized level given in section 3, as summarized in Table ^. 

For the case A^ = 8 ^ = 2, we see from Table that the vectors belonging to the six 
spin I multiplets and to those vector multiplets which are truncated out are tied together 
by an irrep. of Gi x O2. This means that to delete only the spin | multiplets would be 
inconsistent. 
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Table 3: Decomposition of = 8 into N = N' supergravity multiplet 





multiplet 


max spin 


multiplicity 


8 


{9^lu, i^AfiTABi^iu, Xabc, Pabcd) 


2 


1 


6 


i^dfiu: ^a^Tabl^u y Tij^^y^ Xabci ~X_aiji Pabcdi Pabij) 


2 


1 




(V^i/x^ail/ii^j yiabi-! Pabci) 


3 

9 


2 


5 


i^Q^iui '^afiTab\^ui Xabcj Xijkj Pabcd: Paijk) 


2 


1 




{_'4^ifiTai\ij,i/ y Tij^fj^i^y Xabiy Xaij y Pabciy Pabij) 


3 
2 


3 


4 


i^fj^ivi '^afj,Tab\^u ^ Xabci Pabcdi Pijki) 


2 


1 




(V^i^-^ai|/^j^) Xabi) Xijki Pabcii Paijk) 


3 

9 


4 




(Tij^fxi/ , Xaiji Pabij) 


1 


6 


3 


i,9^ui '^afiPab\^ui Xabc) 


2 


1 




(^'^i^^ai\^ui Xabii Pabcii Pijkt) 


3 

9 


5 




\Pij\npi Xaiji Pabij 1 Paijk) 


1 


10 


2 


(^9fj,i>i af^T/ib] fiu) 


2 


1 




(^"^^ifiPail^u 1 Xabi) 


3 

9 
Z 


6 




{'Pijlfiui Xaiji Pabij) 


1 


15 




{Xijki Paijk) 


1 

2 


10 


1 


{gixvii^aii) 


2 


1 




i_'4^ifj.'Pai\^u) 


3 
2 


7 




(Tij^^ui Xaij) 


1 
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iXijki Paijk) 


1 
2 


35 



The same analysis applies to theories in higher dimensions and, for the D 
the duality reduction, for some interseting cases, is given in Table |. 



5 case. 



Table 4: Duality reduction in D = 5 



G = EQ(e) 


Gi X G2 


G ^ d X G2 


N = 2 vect. =nv + l) 
ny = 
nv = 14 
nv = 8 
riy = 5 


i^4(4) 

SU*{6) X SU{2) 
SL{3,€) X 5f/(2, 1) 
SL{3, JR) X 6-2(2) 


27 ^ 1 + 26 
27^ (15,1) + (6, 2) 
27 ^ (3, 3', 1) + (1,3, 3') + (3', 1,3) 
27 ^(6,1) + (3, 7) 



6 N = 2 — > N = 1 reduction 

This section is devoted to a thorough analysis of the consistent truncation of = 2 
supergravity down to = 1 in four dimensions. The N = 2 — > N = 1 reduction of 
the supersymmetry transformation laws presents different features in the vector multiplet 
and in the hypermultiplet sectors. The vector multiplet case is simpler since the special 
geometry is already a Kahler-Hodge geometry while for hypermultiplets we are confronted 
with the more difficult task of reducing a quaternionic manifold to a Kahler-Hodge one. 
Note that, differently from what done in the preceeding sections, where we discussed only 
ungauged theories, the present reduction is given at the level of the complete N = 2 
gauged theory. 
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In the first two subsections we begin to analyze the reduction in the vector multiplet 
sector, where much of the special geometry relations are needed. In subsection 6.3 we 
analyze the reduction in the hypermultiplet sector. In both cases the geometrical approach 
discussed in section 3 will be essential for the discussion. The other subsections are 
devoted to a careful analysis of the implications of the gauging, to the reduction of the 
scalar potential and to the discussion of some explicit examples. 

The reduction is obtained by truncating the spin 3/2 multiplet containing the second 
gravitino '?/'^2 and the graviphoton. 

Here and in the following we use the notations both for = 2 and N = 1 supergravity 
as given in reference EH] , the only differences being that we use here world indices X, X = 



1, • • ■ , ny and boldfaced gauge indices A = 0, 1, ny for quantities in the N = 2 vector 
multiplets (since we want to reserve the notation A and i, i for the indices of the reduced 
= 1 theory) and that the holomorphic matrix appearing in the kinetic term of the 
vectors in the = 1 theory will be renamed as follows: 

ATasI^O = /as(^*). (6.1) 

Let us write down the supersymmetry transformation laws of the N = 2 theory, up to 
3-fermions terms 0: 

Supergravity transformation rules of the (left-handed) Fermi fields: 

S ipA/i = Vf,eA + (ig SabViiu + (^abT^u) Y^^^ (6-2) 
5X^^ = iV^zVe^ + G^.V'^eBe^^ + (6.3) 
5Ca = iU^'''^,q''l''e^eABC^(3 + gN^eA (6.4) 



where: 



ea = V^ea + tDyi^ eb + Q^,ea (6.5) 



and the SU{2) and U{1) 1-form "gauged" connections are respectively given by: 



= ^/ + ^(^)A^P^(a-)/, (6.6) 
Q = Q + g^K)A''Pl, (6.7) 

Q = -l(dilCdz^ - djlCd-f) (6.8) 

^A^ 1 Q the SU{2) and U{1) connections of the ungauged theory. Moreover we have: 

V^z^ = d,z^ + g(^j,)A^ki (6.9) 
V^g" = + ^7(A)<A;X (6.10) 



Supergravity transformation rules of the Bose fields: 

6V; = -i^^^^-e^'-i^^^reA (6.11) 
5 a; = 2l^V^^^e^e^^ + 2L^^;:e_^e^^ 

+ i/;f A^V^AB + i/? A^7/.eBe^^ (6.12) 
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5z^ = 'f^eA (6.13) 
5z^ = X\e^ (6.14) 
5q^ = (C V + C"V%eB) . (6.15) 

Here appearing in the supersymmetry transformation law of the N = 2 left-handed 
gravitini is the "dressed" graviphoton defined as: 

T^,^2ilmMA^L''F;^-. (6.16) 



Gl; = -g^^ fjlmNvKFt- (6.17) 



while _ 

are the "dressed" field strengths of the vectors inside the vector multiplets. Moreover the 
fermionic shifts Sab, W^^^ and are given in terms of the prepotentials and Killing 
vectors of the quaternionic geometry (suitably dressed with special geometry data) and 
of the special geometry Killing vectors, as follows: 

Sab = i\PABAL'' = i\pi(ylBL'' (6.18) 

^XAB ^ .pABgXJfA^^ABj^J^A ^^^^^^ 

= 2Wf„A;XL^ (6.20) 
N2 = -2U2^klL^ (6.21) 

We recall that the Killing vectors kj^ and fc^ are related to the prepotentials by: 

kl = i/^%P° (6.22) 
kl = ^^^"I''"V,P1; A = -l (6.23) 

where fl^^ is the S'f/(2)-valued 2-form defined in Section (6.3) below, and that the prepo- 
tential satisfies: 

P^L^ = P^L^ = (6.24) 

Since we are going to compare the N = 2 reduced theory with the standard = 1 
supergravity, we also quote the supersymmetry transformation laws of the latter theory 
We have, up to 3-fermions terms: 



= 1 transformation laws 



Si/j,/, = V^e, + Q^e, + iL{z, z)^^e* (6.25) 

5x' = i{d,z' + g(K)Alk\)^^e. + N'e, (6.26) 

= J^^^-^^Y'e. + iDh, (6.27) 

6V^ = -i^.j^e' + h.c. (6.28) 

= ilA^^e' + h.c. (6.29) 

Sz' = te, (6.30) 
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where Q is defined in a way analogous to the N = 2 definition { p.7\ ) and: 

L{z,z) = W{z)e^^^^'~'^ (6.31) 
N' = 2g'^VjL (6.32) 
= -2{lmUj,)-'Pj,{z,z) (6.33) 

and W{z), /C(i)(2;,^), Py^{z,z), /as(-2) are the superpotential, Kahler potential, Killing pre- 
potential and vector kinetic matrix respectively |P, [0. Note that for the gravitino 
and gaugino fields we have denoted by a lower (upper) dot left-handed (right-handed) 
chirality. For the spinors of the chiral multiplets Xy instead, left-handed (right-handed) 
chirality is encoded via an upper holomorphic (antiholomorphic) world index (%*, %*). 
The supersymmetric lagrangians which are left invariant by these transformation laws are 
given in Appendix G. 

To perform the truncation we set A=l and 2 successively, putting ip2fj, = £2 = 0, and 
we get from equation 



6 ipi^ = V^ei - Q^ei - Q^^^ ei +igSiir]^y'^''e^ (6.34) 

where V denotes the Lorentz covariant derivative (on the spinors, = 9^ — |u;°*7af,), 
while, for consistency: 

5i'2^, = ^ = -^^,\2 ^ei + (i ^ SiiT]^,, - T-J (6-35) 
For a consistent truncation in the ungauged case we must set to zero the graviphoton: 

T- = TaF-^ = 0, (6.36) 

where 

Ts = 2iImArAs^'^ (6.37) 

is the projector on the graviphoton [Q, and the component of the SU{2) connection 
1-form: 

ul = (6.38) 
In the gauged case we have the further constraints: 

^21 = ^PI(Oi2^^ = ^Pl^^ = 0, (6.39) 



= u;,' + g^A)A''P?,{an,'^g^A)A''PUani' = 0. (6.40) 

while no further restriction comes from ( |6.7| ) since the form of the gauged U{1) connection 
should not change in the reduced theory. 

Comparing (|6.25| ) with ( |6.34|) , we learn that we must identify: 

i^if. = (6.41) 
ei = e. (6.42) 

Furthermore, g Su = ^5'(a)-Pa('^^)ii-^^ must be identified with the superpotential of the 
= 1 theory, that is to the covariantly holomorphic section L of the = 1 Kahler-Hodge 
manifold. Therefore we have |T^ - \T3^: 

L{q,z,z) = ^g^PU^nuL'' = ^9iA) {Pk - i^l) L^" (6.43) 
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We will show in the following (Section (6.4)) that, after consistent reduction of the special- 
Kahler manifold Ai^^ and of the quaternionic cr-model Ai^, L will in fact be a covariantly 
holomorphic function of the Kahler coordinates w"^ of the reduced manifold Ai^^ G Ai'^ 
and of some subset 2* G A^_r of the scalars of the N = 2 special-Kahler manifold Ai^^"" . 

The condition on the graviphoton = will be analyzed in subsection (6.1), while 
the condition uJi^ = will be discussed in section (6.3) and the constraints appearing in 
the gauged theory will be analyzed in section (6.4). 

Here and in the following we will denote by Ai^^ and A4'^ the special-Kahler and 
quaternionic manifolds of the N = 2 theory while the special-Kahler and Kahler-Hodge 
manifolds obtained by reduction of Ai^^ and A4^ will be denoted by AIr and Ai^^ 
respectively. 

6.1 Reduction of the N = 2 vector multiplet sector 

Let us now consider the gaugino transformation laws. When €2 = we get: 

SX^^ = i^^z^Ye^ + W^^hi (6.44) 
SX^' = -G-^Y'ei + gW^'hi (6.45) 



W^'' = iPl/^/;f-fciI^ (6.46) 
^xii ^ iPiV^/4 = (pl-iPn/^/4 (6.47) 



where, using (|6.19|) 



J - A a; y jj 

From eqs. ( |6.44| ) and ( |6.45| ) we immediately see that the spinors A"^^ transform into the 
scalars z-^ (and should therefore give rise to = 1 chiral multiplets) while the spinors 
A"^^ transform into the matter vectors field strengths G~J (and should then be identified 
with the gauginos of the = 1 vector multiplets). 

However, before entering the details of the identification, we have to discuss the im- 
plications of putting to zero the graviphoton T~, equation ( |6.36| ). We observe that this 
condition gives a constraint on the scalar and vector content of the = 1 reduced theory, 
that is on the number of chiral and vector multiplets which are retained after truncation. 

Now, since the graviphoton projector T\ (|6.37| ) is a scalar field dependent quantity, 
the request that equation ( |6.36| ) is verified all over the manifold can be trivially realized 
either by setting to zero all the scalars z-^ and the graviphoton which implies on the 
symplectic section =^ (L° = 1; L"^ = 0, A = 1, ■ ■ -nv), or, alternatively, by truncating 
out all the vectors A-^, leaving an A^ = 1 theory with only chiral matter content. 

There is however a more interesting and non trivial way to satisfy equation ( |6.36D , by 
imposing a suitable constraint on the set of vectors and of scalar sections which can be 
retained in the reduction. Indeed, if we decompose the index A labelling the vectors into 
two disjoint sets A =^ (A, X),A = 1, ■ ■ ■ ,ny = ny — nc] X = 0, 1, ■ ■ ■ , ric, we may satisfy 
the relation (|6.36| ) as an "orthogonality relation" between the subset A running on the 



retained vectors and the subset X running on the retained scalar sections. That is we set: 

F^u = 0; (6.48) 
ImA^AsL^ = Ta = (6.49) 
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We note that if we delete the electric field strengths F ^ we must also delete their 
magnetic counterpart 

g- = JfxyF-^ + Jfx^F-^ = (6.50) 

so that we must also impose 

ATxs = 0. (6.51) 

Then, the constraint ( |6.49| ) reduces to 

IiuMaj^L^ = (6.52) 

which implies 

= (6.53) 
since the vector-kinetic matrix ImA/As has to be invertible. 

Note that conditions ( |6.52| ) and ( |6.53| ) imply a reduction of the N = 2 scalar manifold 
Ai^^ — *■ A4r, since it says that some coordinate dependent sections on A4^^ have to be 
zero in the reduced theory. 

Let us decompose the world indices I of the N = 2 special-Kahler a-model as follows: 
X =^ {i, a), with i = 1, ■ ■ ■ , nc, a = 1, • • • , n'y = nv—nc, where nc and n'y are respectively 
the number of chiral and vector multiplets of the reduced = 1 theory while ny is the 
number of = 2 vector multiplets. 

Then from eq ( |6.57| ) it follows that the metric on is pulled back to the following form 
i, [0: 

g-, = -2ff\mNxYf] (6.54) 

To examine further the implications of the reduction of the special-Kahler manifold to 
the submanifold M.R., it is convenient to write the special geometry objects using fiat 
indices. We then define a set of Kahlerian vielbeins = P^dz^ on M.^^ together with 
their complex conjugates. Performing the reduction, they decompose as: P^ =^ {P^,P^), 
where / and A are fiat indices in the submanifold Ain and on its orthogonal complement 
respectively. By an appropriate choice of coordinates, we call the coordinates on A4r, 
z°' the coordinates on the orthogonal complement. Then we may set P^ = 0, Pf = 0, so 

that the metric Qj-j = PjPy has only components gij, g^p, while gia = 0. 

Then, if we decompose the gauginos X^"^ =^ (A*^,A"^), the above truncation implies, 
by supersymmetry, A*^ = and, for consistency, 

S = -a^i^>^-ei + g W'^hi = 0. (6.55) 

Setting = gives: 

= -g^Vjl^mN^^F^J' = -g'^VjlhmAfAj.F-J' = (6.56) 

implying 



Moreover, VT'^^ = implies: 



VjL^ = = 0. (6.57) 



P|. = , k'x = 0. (6.58) 
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Note that the integrabihty condition of equation ( |6.57| ) is: 

V.V.L^ = iCi,x^?''^V^I^ = ia,fc(?'=^V^I^ + ia,„^/°^VaI'' = 0. (6.59) 

where Cijk is the 3-index symmetric tensor appearing in the equations defining the special 
geometry (see e.g. ref. , []5|) . 

Since the first term on the r.h.s. of equation ( |6.59| ) is zero on Mr (equation ( |6.57| )), 
equation ( |6.59|) is satisfied by imposing: 

C,,a = (6.60) 

so that only the N = 2 special-Kahler manifolds satisfying the constraint ( |6.60|) are 
suitable for reduction. 

Note that, since Cija is defined as a symplectic scalar product [0], 0,0,0] in terms of the 
symplectic section U = {L^.M^): 

Cijo.=<ViVjU,Vo.U >, (6.61) 

it follows that 

dj^ = ^ V«f/ = ^ V«L^ = , VaMx = 0. (6.62) 

The same constraint (|6.6CI|) can also be retrieved by looking at the integrabihty condi- 
tions of the N = 2 special geometry as given in ||3|. The relevant ones for our discussion 
are the following: 



VP^ = dP^+iQAP'^+u'^jAP^ =0 (6.63) 
R^j = {du + u Au}yj= PjAP^ -iK&j -C\aC^j (6.64) 



where Q is the Kahler connection 1-form, K = dQ is the Kahler 2-form, u^j is the 
S'f/(nv')-Lie algebra valued connection and the 1-form C'^- can be written in terms of the 



3-world indices symmetric tensor Cjjic, whose properties are given in ref. [43], via: 



C''- = P'^P/CxjKdz^. (6.65) 

Let us restrict the previous equations to the submanifold Mr. From the vanishing of the 
torsion, eq (|6.63|) , we find: 

VP^ = dP^ + iQAP^ + uj\aP-^ + uj\aP^ = Q (6.66) 
VP^ = dP^ + iQAP^ + uj^jAP^ + u\aP^ = Q. (6.67) 

With the same procedure illustrated in the general discussion of section 4 and in the 
example of section (6.1), we easily find that the vanishing of the torsion on M.r implies 
j}\Mr = 0, from which it follows, taking into account the Frobenius theorem and the 

definition of P"^-: 



R^_\Ma = Pa^ P -CjAC a- C- b a C a = 0. (6.68) 
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Now, expanding the vielbein and the C-tensor along the differentials of the coordinates, 
we easily find 

R\\Mn = -P'^P^ (C,,^\, + C^p^C^J) dz' A dz' = 0, (6.69) 

where we have set to zero the terms in the external directions dz°', and the C-terms 
containing both holomorphic and antiholomorphic indices, which are zero already because 
of the N = 2 special geometry properties Again, we see that equation ( |6.69| ) is 

satisfied by imposing the same condition (|6.60| ) on the special-Kahler manifold. 



From the analysis of the fermionic terms in the supersymmetry transformation laws 
of the fermions [^, it is possible to find a further condition on the C-tensor: 



Caf3-y\MR — (6.70) 

which, together with ( |6.60| ), implies 

P'ap-ylMR = (6-71) 

6.2 N = 2 vector multiplets — > N = 1 matter multiplets 

Let us now discuss the precise identification of the N = 1 matter multiplets obtained by 
reduction of the N = 2 vector multiplets. 

From the above analysis we have found that the indices labelling = 1 chiral and vector 
multiplets are not related anymore, as it was instead the case in the N = 2 theory. 

As far as equation ( |6.44| ) is concerned, we immediately see that, after reduction of the 



index X and comparison with the corresponding A^ = 1 formula ( |6.26 ), we can make the 
following identification: 

X'' = x' (6.72) 
gW''' = N^ = ig^x){P'x-^Px)9''f-^ (6.73) 

that is we may interpret the A*^ as nc N = 1 chiral spinors belonging to A^ = 1 left-handed 
chiral multiplets {x\z^), i = l,...,nc- It can be easily verified that the consistency 
condition 

= ^ = (6.74) 

gives 

kl = (6.75) 

using fa =0- 

Let us now discuss the A^ = 1 vector multiplets coming from the truncation. 
The transformation law for the ny + 1 vectors of the N = 2 theory ( |6.12 ) becomes, after 
truncation: 

= -if,n%e' - if^r\e' + h.c. = -if^r\e' + h.c. (6.76) 
5< = -i/f r V - i/i'A" V + /^-c. = (6.77) 
where in ( |6.76|) we have used ( |6.57|) . Eq. ( |6.771 ) is consistently zero if we put 

A^^ = (6.78) 
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since J^Imr = V^^L^U^ = Q. 

We note that while the gauge index A of the N = 2 gaugino runs over ny + 1 values 
(because of the presence of the graviphoton) the indices A and a take only n'y < ny 
values. In particular, the index of the graviphoton belongs to the orthogonal subset 
X = 0, 1, ■ ■ ■ , ric, so that the graviphoton is automatically projected out. 
To match the corresponding = 1 formula (|6.29|) we have to set: 



K = -'^fa>^ ■ (6.81) 

Now, we observe that we may trade the gaugino world index T = 1, ■ ■ ■ , ny with a vector 
index A already at the level of the N = 2 theory, by defining 

= (6.82) 

Here the gauge index A of the N = 2 gauginos runs over ny + 1 values (because of the 
presence of the graviphoton) while the index X takes only ny values. The extra gaugino, 
say A°, is actually spurious, since A^^ satisfies: 

TaA^^ = -2TAfjX^^ = (6.83) 

where 

Ta = 2iIniA/'Asi^^, (6.84) 
due to the special geometry relation 

IuiA/'as^^/j = 0. (6.85) 
Note that Ta is the projector on the graviphoton field-strength, according to equation 

§M) ii- 



Using special geometry, one can see that the transformation law for the N = 2 gaugini 
(|6.3| ) can be rewritten in terms of the A'^"^, up to 3-fermions terms, as: 

g^AA ^ pA^^-s^M.^AB^^ _ 2i?7^^ (P°e^^ + P^^) eB (6.86) 

where is the projector on the matter-vector field strengths and f/^^ a tensor of 
special geometry. They are defined below in equations (|6.9CI|) , (|6.89| ). The derivation of 
formula ( |6.86| ) is given in Appendix C. 

The above formulae allow us to perform the reduction of the gaugino A^^ = (A^^, A^^) 
straightforwardly. First of all, A^^ = //^A*^ = as 

follows from (|6.78|) . Then, setting A = 2 and A = A, we have 

A^ = A^2 = -2/^A^2 = -2/^A"2 (6.87) 



®This follows by looking at the expression of the N — 2 Kahler metric g 

g^j - -2ImAAA5:/#/| (6.79) 
by requiring that its mixed component g^^ is zero. Indeed, after reduction we get 

= 5,^ = -2ImA6fy/f (6.80) 

implying f^ = 
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since in the reduced theory ff^ = 0, and then: 



(6. 



Let us now apply the following relations of special geometry ESI to the present reduction: 







1 AS 




(6.89) 


P\ = -2f/^^IniA/'sr = 


= - iTsL^. 




(6.90) 


After decomposing the indices and using f^lMR = /j^Lmh = 


9ia\MR = we have 


i: 




"(ImAT)"^" 


AS 




(6.91) 




(ImAT)"^" 


XY 




(6.92) 



-,x 



Y 



Eq. ( |6.88D can then be rewritten as: 



5\i 



F-,V^ + i(lmAr-i)^'' {Pl, + P, 



(6.93) 
(6.94) 



(6.95) 



We observe that the prepotential P^,-, which gives the special-Kahler manifold contri- 
bution to the D-term, can be given an explicit form in terms of = 2 objects. Indeed, let 
us recall that P^, has the following general form, as shown in equation ( |C.9| ) of Appendix 
C: 

P° = -2iImArsr/J A;iL^ (6.96) 

which gives, after reduction: 

P° = -2iImAAsr/Ifc^X'^. 
On the other hand, using the following N = 2 special geometry property: 



(6.97) 



(6.98) 



(/^AS the structure constant of the N = 2 gauge group G^^^) by contracting with 
and reducing it to the submanifold J^r, we also find B: 



P° = 2iIniArsr/^xy^''^''- 



(6.99) 



In conclusion we get the final form of the gaugino transformation law for the A^ = 1 
theory as: 

('^^- )iv=i = -^m'-V^^. + i^^. , (A = 1, ■ ■ ■ , n) (6.100) 
where, in order to retrieve the transformation law ( |6.27| ) we have set 



= {ImM-Y^ (P^ + P| 



(6.101) 
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In order to show that equation ( |6.100 ) is the correct = 1 transformation law of 



the gauginos we have still to prove that A/as is an antiholomorphic function of the scalar 
fields (as it is the case for an = 1 theory), since the corresponding object of the 
N = 2 special geometry A/as is not antiholomorphic. For this purpose we observe that in 
N = 2 special geometry the following identity holds (at least when a = 2 prepotential 
function exists [])[||]: 

ATas = Fas - 2iTATs(L^ImFrAi^^) (6.102) 

where the matrix Fas is holomorphic. 
If we now reduce the indices AS we find: 

AAas = Fas - 2iTATs(L^ImFxyi:^) = Fae (6.103) 

since Ta = is precisely the constraint ( |6.49| ). Therefore A/ae is antiholomorphic and the 
Z?-term (|6.101|) becomes: 

= 2i/^Vr"2i _ -2{lmf-\z'))^^ (P° + P|) . (6.104) 

where we have defined 

Fa^{z') = ^/ae(^0 (6.105) 

in order to match the normalization of the holomorphic kinetic matrix of the = 1 
theory appearing in equation ( |6.33|) . 

We observe that for choices of symplectic sections such that the function Fas does not 
exist, the relation ( |6.103|) does not hold, but still A/ae has to be antiholomorphic on Aipt- 
Un explicit example will be given in section (6.6). 

As a final observation, we note that the above reduction on the indices of the N = 2 
Killing vectors gives rise to fcj =^ {k\,k%,k\,kx). The Killing vectors k\ gauge the 
isometrics of the submanifold M.r. On the other hand, /c^ are zero on the submanifold, 
since they correspond to isometrics orthogonal io M.r\ k\ are also zero because we have 
projected out the corresponding vectors. Finally, /c^ are in general different form zero, 
and enter in the definition of P^? equation ( |6.97|) . These conclusions can be formally 
retrieved by analyzing the reduction of the special geometry identity 

2ifej/cfA^li = /As'^Fr- (6.106) 

One can easily verify that if we set A = A; S = S then one retrieves the analogous of 
relation ( |6.106| ) on M.r provided we set 

kl = Q- Pl = 0. (6.107) 



For A = A; S = y equation ( |6.106|) is identically satisfied provided we add to the previous 



condition the further constraint 

= 0. (6.108) 
Finally, when A = X; S = F, equation ( |6.106| ) reduces to the relation: 

^^9aBk^x4] = fxY^Pr (6.109) 

which has to be satisfied all over the manifold A4j?. 

^In Appendix D we will discuss the reduction with special coordinates. 
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6.3 Reduction of the hypermultiplet sector 

Let us analyze the sector of the hypermultiplets when the reduction is implemented. The 
scalars of the hypermultiplets belong to a quaternionic manifold Ai*^. A quaternionic 
manifold Ai'^ has a holonomy group of the following type [5^], ||11|| : 

RoliM^) = SU{2)0n (quaternionic) 

n C Sp{2nH) (6.110) 

Introducing flat indices {A, B,C = 1, 2} {a, /3, 7 = 1, .., 212^} that run, respectively, in the 
fundamental representations of SU (2) and Sp{2nH) {jih is the number of hypermultiplets) 
we introduce the vielbein 1-form |^ 

such that 

K,=U^''U!^('€^peAB (6.112) 

where €a/3 = — and eAB = — ^ba are, respectively, the flat Sp{2nH) and Sp{2) ~ 
SU (2) invariant metrics. The vielbein lA^'^ is covariantly closed with respect to the SU{2)- 
connection uj^{x = 1, 2, 3) and to the 5'p(2n/^)-Lie Algebra valued connection A"^ = A^": 

+ A"^AW^^ = (6.113) 

where (a^)^^ = e^'"{a^)(j^ and {o'^)a^ are the standard Pauli matrices. Furthermore 
U^°' satisfies the reality condition: 

UAa = {U^n* = eAB'CapU''^ (6.114) 

The supersymmetry transformation laws of the fields in the hypermultiplets are given 
in equation ( |6.4| ) and ( |6.15| ), that we rewrite here using tangent-space indices for the 
quaternionic variation: 

ZY°^5g« = (V+C"V%eB (6.115) 
= iU^''V,q''re''eAB<C^p+gN^eA (6.116) 
5C = iU^^'^V^q'^YeA+gN^e^ (6.117) 

Let us see what happens to equations ( |6.115| ),( |6.116[) , (|6.117D , when the truncation is 
implemented. 

First of all let us note that the scalars in iV = 1 supergravity must lie in chiral multiplets, 
and have in general a Kahler-Hodge structure. It is therefore required that the holonomy 
of the quaternionic manifold be reduced: 

Hoi (A^^) C SU{2) X Sp{2nH) ^ Hoi [M^^) C f/(l) x SU{n). (6.118) 

Therefore the SU{2) index A = 1,2 and the Sp{2nH) index have to be decomposed 
accordingly. We set a (1,1) G U{1) x SUinn) C Sp{2nH)- Since the vielbein 
satisfy the reality condition ( |6.114|) , we have, in Uinu) indices : 

U21 = {U^^T = ~€jjU^^ (6.119) 
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where we have used the decomposition of the symplectic metric = ^ ^ ^q"' j with 
= - Cj/ = 6 J J. 

From equation (|6.119|) one finds that it is sufficient to refer to the 2nH complex vielbein 
U^^ ,U^^ since the ones with dotted indices are related to them by complex conjugation. 
Let us first examine the torsion-free equation obeyed by the quaternionic vielbein written 
in the decomposed indices: 

2 2^ ' 

+A^j AW^^ + A^. AW^^ = (6.120) 



+ A^^ A U^^ + A^j AU^-^ = (6. 121) 

For the = 1 reduced Kahler-Hodge scalar manifold, the holonomy has to be U{1) x 
SU{nH), with a non trivial f/(l)-bundle, whose field-strength has to be identified with the 
Kahler form. Since in the N = 2 quaternionic parent theory there is a similar non trivial 
SU (2)-bundle, whose field-strength has to be identified with the Hyper-Kahler form, we 
assume that the U{1) part of the holonomy should be valued in the U{1) subgroup of the 
SU (2) valued connection of = 2 quaternionic holonomy group. 
From equations ( p.l2CI| ), ( |6.121| ) we see that, setting 



cui=u;2^A^ = (6.122) 

we get two Kahler-Hodge manifolds whose respective vielbeins obey the torsionless equa- 
tions for each submanifold. 

Let us now check the involution property dictated by the Frobenius theorem. As we 
know from section 3, this amounts to demand that the curvatures of the connections set to 



zero, equation ( |6.122|) , must satisfy the constraints of being also zero on the submanifold. 
That is we must have: 

= n'^ = = (6.123) 
where the SU (2) curvature is given by Q 

= da;" + ^e'-y'ujy A a;" = i AC„/3(a")ABW°^ A U^^ (6.125) 

while the Sp{2nH) curvature lR"g is given by: 

IR"^ = rfA°^ + A°^ A A^^ (6. 126) 

^"Note that Vl^ = \ K^.^ with K^^ given in terms of the three complex structures by: 

Kl, = KM"")":- (6.124) 
The scale A is fixed by supersymmetry of the Lagrangian and in our conventions is A = — 1. 
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where flap-yS is a completely symmetric 4- index tensor 

From equation ( |6.125|) we see that the constraint ( |6.123|) for involution is satisfied iff 

U^^AU^^ = (6.127) 



that is if, say, the subset U^^ = {^^j of the quaternionic vielbein is set to zero on a 
submanifold M^^ C M^. 

When condition ( p.l27| ) is imposed, our submanifold has dimension at most half the 
dimension of the quaternionic manifold (in the following we always refer to the maximal 
case, where / = 1, ■ ■ ■ ,nH) and the SU{2) connection is reduced to a U{1) connection, 
whose curvature on M.^^ is: 



n-'\MKH = i\W' A Uu = iAW" A (6. 128) 

so that the 5'?7(2)-bundle of the quaternionic manifold is reduced to a ?7(l)-Hodge bundle 
for the uh dimensional complex submanifold spanned by the uh complex vielbein U^^ . 
The truncation corresponds therefore to select a n//-complex dimensional submanifold 
Ai^^ C A4^ spanned by the vielbein U^^ and to ask that, on the submanifold, the 2nH 
extra degrees of freedom are frozen, that is: 

^^^\m^» = {^liT \m'<h = 0. (6.129) 

Calling w'^ {s = l,---nH) a set of uh holomorphic coordinates on A4^^ and {t = 
2nH + 1, ■ ■ ■ , 4,11^) a set of 2nH real coordinates for the space orthogonal to Ai^^ , we see 
that equation ( |6.129| ), which can be rewritten as: 



implies: 



smce: 



U^^Ij^kh = {Ufdw' + Ul^dw' + Ul^dn') \mkh = , (6.130) 

Us^\m'<« = W\m'<» = (6.131) 
dn^\MKH = 0. (6.132) 



On the other hand, we also have: 



Ul^\j^KH=0. (6.133) 



since the vielbein U^^ is tangent to the submanifold. Let us note that the conditions 
( 6.1231 ) on the curvatures Q^, imposed on the submanifold do not imply that all their 
components are also zero there, and indeed from ( |6.131| ), ( p.l33| ) and the definition ( |6.125D 
it follows: 

^IslM^ifi = ^U'Im'^" = ^IsIm^^h = f2|,|_A4A'H = (6.134) 

while the mixed components fll^\j^4KH, QI^I^kh (together with their complex conjugates 
Ql^\_x4KH, fl^^\_x4KH) are different from zero. We also observe that, when the truncation is 
performed, also the mixed components of the metric are zero: 

hstlM'^" = {^¥^ii\t) \M'i" = 0- (6.135) 
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From ( H.131 ), ( c).133 ) and ( |6.125 ) it also follows that the only components different from 



zero of the 2- form are Q^-^ and ^2^^,. 

Let us now analyze in detail whether the involution of the constraint j = is 
satisfied: 

U'j = \€jj, (U'' A - U^' A W^^) + 

+2(C^^\U^^' AW^^njjj^L +2U^^ AW^^njjj^l +U^^ AU'^^Vljj^A = 0(6.136) 



After imposing ( p.l2ij ), the first line in equation ( |6.136 ) is automatically zero, and equa- 



tion (|6.136| ) is reduced to the constraint: 

AC^^U^^ AU^^njj^l = (6.137) 

Furthermore, let us note that when the constraint ( |6.136|) is imposed, the Sp{2nH) holon- 
omy gets reduced to U{1) x SUinu)- The Uinn) curvature becomes: 

= XU^i A + C'^C-'^W^^^ A U^^'^NKML (6-138) 

Choosing cordinates such that ^^■'+3 = g4s+4 _ _ Q, . . . , uh — 1 we may introduce 
complex coordinates w'^ = gi+4.5_|_ig2+4s ^j^]^ Kahler 2-form K = which is automatically 
closed. The U{1) connection of the Hodge bundle is given by Ug as can be ascertained 
from the reduced form of equation ( |6.120| ) expressing the vanishing of the torsion on the 
Kahler-Hodge submanifold Ai^^: 

VU^^ = dU^^ + -u^ A U^^ + A^jAU^-^ = (6.139) 

In conclusion, what we have found is that the conditions for the truncation of a 
quaternionic manifold (spanning the scalar sector of nn N = 2 hypermultiplets) to a 
Kahler-Hodge one (spanning the scalar sector of Uh N = 1 chiral multiplets) are the 
following: 

• The quaternionic manifold cannot be generic; in particular, the completely sym- 
metric tensor Qa/s^yS ^ Sp{2nH), appearing in the Sp{2nH) curvature, must have the 
following constraint on its components: 

^ijKL = 0. (6.140) 

The resulting submanifold, denoted by Ai^^ , has at most uh complex dimensions [l^ 

and is of Kahler-Hodge 
equation (|6.153|) below): 



and is of Kahler-Hodge type, with Kahlerian vielbein , (for its normalization, see 



U'Jdq^ — -^Pldyf (6.141) 
l^udq"- -^^sdw' (6.142) 
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(where w^,s = 1, ■ ■ -nH are complex coordinates on the reduced Kahler manifold) and 
f/(l) X Uinu) curvature given by: 



n'j ^ Kul'uij '-n% + u'j. (6.143) 

Once the dimension of the manifold has been truncated, the only constraint on the 
quaternionic manifold is given by equation (|6.14CI|). Let us therefore discuss how general 



it is, and which quaternionic manifolds satisfy it. 

First of all we note that the family of symmetric spaces Sp{2m, 2)/Sp{2) x Sp{2m) has a 
vanishing f2-tensor, flaP'yS = [0, and hence a fortiori satisfies our requirement. 

Furthermore we can now show that the special quaternionic manifolds obtained by 



c-map 1 52] from special-Kahler manifolds do indeed satisfy the condition: 

^ijKL = (6.144) 



Indeed the tensor (|6.144|) appears in equation (|6.136|) multiplied by the product of the 



vielbein h(^^ A U^^ . The same sub-block of the Sp{2n) curvature is denoted in by 
r'^. Now, it is easy to recognise that the set of n + 1 complex vielbein {v, e") of |^2[ have 



to be identified with our vielbein U^^ . However, no wedge product of type v A e"" nor of 
type A e'' appear in r'^, which means that the corresponding coefficient ^jj^i = 0. 
Therefore, all the special quaternionic manifolds (including non symmetric quaternionic 
spaces) can be reduced to Kahler-Hodge manifolds in a way consistent with our procedure. 

There are however other symmetric spaces which do not correspond to c-map of special- 
Kahler manifolds, yet they satisfy our constraints. Indeed consider the following reduction 
from quaternionic to Kahler-Hodge manifolds: 

SOiA,n) S0{2,n,) ^0(2,^^) ^^^^^^^ 



SO{A) X SO{n) S0{2) x SO{ni) 50(2) x S0{n2) 

where (ni + n2 = n). We see that they satisfy our constraints. Indeed, the Kahler- 
Hodge manifold on the right of the correspondence in equation ( |6.145| ) is apparently 



a submanifold of the corresponding quaternionic with half dimension. Therefore the 
conditions for the validity of the Frobenius theorem have to be satisfied, in particular 
equation ( |6.140| ). Indeed, for symmetric spaces we can compute explicitly the Q-tensor 



by comparing the general formula of the Riemann tensor for symmetric spaces: 

n-^^pi^Ay,B ^ -lr^\^\f^^^^^ "Ul^Uf, (6.146) 

(where we have denoted by f^'^^^^^Q the structure constants of the isometry group of the 
symmetric manifold K = G/H, the index h running on the Lie algebra of H, the couple of 
indices Aa labelling the coset generators) with its general form in the case of quaternionic 
manifolds: 

7^™,,W„"X^^ = - ^^^r.(^x)^^C"' + IR^/e^^. (6.147) 

One easily obtains 

^a0j5 = "2 i^a^^lSS + Cq^C/j^) — '^e'^''^ fc{a\l3}D\hf\{'y\5}B (6.148) 
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where the curly brackets mean symmetrization of the corresponding indices. 
Using equation ( |6.148| ), we have exphcitly verified the vahdity of (|6.140|) in the case of 
the omega-tensor appearing in ( |6.145| ). These quaternionic reductions exphcitly appear 
in some effective lagrangians coming from superstring theory models 















Hi 




+ 9N]ti 


Hj 







We still have to analyze the effects of the reduction on the hyperini and on the super- 
symmetry transformation laws. They become, after putting e2 = 0: 

(6.149) 
(6.150) 
(6.151) 
(6.152) 

Choosing the normalization in such a way to match the normalization of the kinetic terms 
of the = 1 theory, we set: 

W^C.j = -l=Pj, (6.153) 
N} = -^PisN' (6.154) 

= V2P''Ci = V2g'^ki, (6.155) 

W'XjV^g1^,K« = -^Pis^,^' (6.156) 

which implies: 

U^'€jj5q''U<H = -^PisSw' (6.157) 

where denote chiral left-handed spinors with holomorphic world indices. Pis are the 
vielbein of the Kahler- Hodge manifold A4^^ and its holomorphic coordinates. We 
observe that due to the definition (|6.153|) the 2-form defined in equation ( |6.128|) is one 
half the Kahler 2-form on Ai^^ ■ 

In that way we obtain the standard formulae for the = 1 supersymmetry transformation 
laws of the chiral multiplets (C*, w'^), that is: 

SC = iV^wVe' + N'e, (6.158) 

6w' = C'e. (6.159) 

where 

N' = V2g(j^)P'JN] = 2V2g^j^)P'-^(CjjUykiL^. (6.160) 

Note that the shift term A^** is indeed different from zero, but depends only on the isome- 
tries of the projected out part of the quaternionic manifold The explicit = 1 form 
of the gauging contribution will be given in the next section. 

From equation ( |6.150| ), however, we see that the condition U^^ = implies that the subset 

Indeed, the request U^^Im = {ul^dw^ + h.c. + U^^dn*^ \m — implies Z//^^ ~ but does not impose 
any restriction on the components orthogonal to the retained submanifold. 
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of riH hyperinos (j have to be truncated out. 
Consistency of the truncation in equation ( |6.152| ) imphes 



Nj ^ 2g^^f,jUl'klL'' = 2g^j,fjjUykXL'' = ^ ^7(a)A;1L^ = 0. (6.161) 

The restrictions on the theory imposed by this constraint will be discussed in the subsec- 
tion 6.4. 

6.4 Further consequences of the gauging 

The truncation = 2 ^ = 1 implies, as we have seen in the previous subsections, a 
number of consequences that we are now going to discuss, and in particular: 

• The D-term of the N = 1-reduced gaugino = — 2//^A*^ is: 

= ^ _2^(^)(Im/)-i^^ {P^wn + P^z^)) (6.162) 

• The N = 1-reduced superpotential, that is the gravitino mass, is: 

L{z, w) = '-g^x)L'' {Pk - iP'x) (6.163) 

• The fermion shifts of the = 1 chiral spinors x* = coming from the N = 2 
gaugini are: 

N' = 2g'~^VjL (6.164) 

• The fermion shifts of the = 1 chiral spinors coming from N = 2 hypermultiplets 
are: 

A^^ = -Agf^x)k'xL''ul'W^j. (6.165) 



In order for the shifts given in eqs. ( |6.163|) , (|6.164|) , ( |6.165|) to define the correct trans 



formation laws of the A^ = 1 theory, we still have to show that the superpotential L is 
covariantly holomorphic with respect to the coordinates: 

V^L = (6.166) 

and that the A^** shift for the chiral multiplets coming from the quaternionic sector can 
be written with the standard expression for an A^ = 1 chiral multiplets shift, that is as: 

N' = 2gg'~'V^L (6.167) 

These features do indeed follow, as a consequence of the reduction SU{2) ^ U{\) in the 
holonomy group. Indeed: 

V^L = ^L^V.P^ {a-\' = ifc^L^fil, {an' (6.168) 

Now, recalling that: 

Q"" {(7^^' = 2U^ A U^f^Co^p = mi A W^^C^ J = 4Ui^uf€jjdn' A dw' (6. 169) 
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we immediatly get: Q^^ 7^ while fif^ = 0, so that VjL = follows. 

Let us now compute A^'* explicitly: 

= ^giA)€jjg''^nU^n\k'xL'' 

= -i (7(A) g^'V^PUa^)\L'' = -ig^j,) /^V^ (p^ + iPl) l"" 

= 2g^^^g'~'VsL, (6.170) 

that is it has the right expression for an iV = 1 chiral shift, according to equation ( |6.32|) . 



Let us now discuss the implications of the gauging constraints ( |6.39| ), ( |6.40| ) and ( |6.161| ) 



on the = 1 theory obtained by reduction, that is the consistency of the truncation of 
the second gravitino multiplet Sipfj_2 = and of the spinors (j- in the hypermultiplets sector 
for the gauged theory: 

Q,' = =^ (7(A)A^(Pi-iPl) =0 (6.171) 
Si2 = =^ (7(A)iv^Pl = (6.172) 
6Cj = ^ ^?(A)A:1X'' = (6.173) 

Since the vectors of the N = 2 theory which are not gauged do not enter in the previous 
equations we may limit ourselves to consider the case where the index A runs over the 
adjoint representation of the N = 2 gauge group. If we call G^^^ the gauge group of the 
= 2 theory and G^^) C G^^) the gauge group of the corresponding N = 1 theory, then 
we have that the adjoint representation of G*^^-* decomposes as 

Adj{G^^^) Adj{G^^^) + P(G(^)), (6.174) 

where R{G^^^) denotes some representation of (G*^^-*) (the representation R{G^^^) is of 
course absent for G^^^ = G^^-*). The gauged vectors of the = 1 theory are restricted to 
the subset {A^} generating Adj{G^^^) (that is the index A is decomposed as A ^ (A,X), 
with A e Adj(G(2) and X G R{G^^^)). 

This decomposition of the indices is of course the same as the one used in analyzing the 
consequences of the constraint (|6.36|) in section (6.2). In particular, the graviphoton index 
A = always belongs to the set X since the graviphoton A^ is projected out. 
The quaternionic Killing vectors of the N = 2 theory then decompose as 

^A ^ {^A5 ^A) ^A? ^X' ^X? ^x}- (6.175) 

Obviously, we must have that kx = since the Killing vectors of the reduced submanifold 
have to span the adjoint representation of G^^\ Viceversa, the Killing vectors with world 
index in the orthogonal complement, /ca, must obey kj^ = 0, while kx are in general 
different from zero. Indeed, the isometries generated by /ca would not leave invariant the 
hypersurface describing the submanifold Ai^^ C A1*^. These properties will be in fact 
confirmed in Appendix E, by a careful analysis of the reduction of the quaternionic Ward 
identities. 
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Coming back to the implications of the constraints ( |6.171| ), ( |6.172| ), ( |6.173| ), they can be 
rewritten, using the results of section (6.2), as follows: 



^7(A)A^ [Pi - iP. 
9{x)kxL^ = 








Since we have found that /cj^ = 0, equation (|6.178|) is identically satisfied. 



Eq.s ( |6.176| ) and ( |6.177D are satisfied by requiring: 



Pl = Pl = 



Then the superpotential of the theory is given by ||12| - [p^j : 



(6.176) 
(6.177) 
(6.178) 



(6.179) 



w, w 



-iP]^{w,w] 



(6.180) 



We are left with an = 1 theory coupled to n'y vector multiplets (A = l,---,ny) 
and ric + rin chiral multiplets (X = 0, 1, ■ ■ ■,nc) with superpotential (|6.180|) . All the 
isometries of the scalar manifolds are in principle gauged since the D-term of the reduced 
N = 1 theory depends on P°(z, J) + Pf^{w,w). 

In the particular case where the gauge group G'-^-' of the N = 1 reduced theory is 
the same as the gauge group G*-^-* of the N = 2 parent theory, the index X takes only 
the value zero and all the scalars are truncated out (L^ = 0,L° = 1). The vectors 
are retained in the truncation while is projected out. In this case the superpotential 
reduces to: 

L = U'{P,'-iP^). (6.181) 



Moreover, from equation ( |6.99|) we have that in this case the prepotential P° = 0, and the 
D-term depends only on P|(w,w). We then have an N = 1 theory coupled to ny vector 
multiplets and uh chiral multiplets, with gauged isometries and superpotential ( |6.181| ). 
Note that when Pq — iP^ is constant, ( |6.181| ) gives a constant F-term. This case can only 
be obtained in absence of hypermultiplets. Indeed, from the general quaternionic formula 
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1 



uhP^ = --K.^^'kl (6.182) 
we see that if rifj 7^ a Fayet-Iliopoulos term, as well as a constant F-term, is excluded 



5^ , since a constant Pq is not compatible with the covariance of the r.h.s. under SU{2) 
and the gauge group. Even when the theory is ungauged {k^ = 0) a constant Pq is still 
excluded for rifj 7^ 0, since in this case equation (|6.182|) reduces to tihP^ = 0, implying 
P1 = 0. 

If Uh = 0, then a constant P^ is possible {N = 2 Fayet-Iliopoulos term) 0, provided 
the gauge group is abelian (otherwise it breaks the gauge group) and provided it satisfies 
the identity 

^xyzpy^pz^ = (6.183) 



^^An N — 2 Fayet-Iliopoulos term coming from is excluded by the Ward identity ( 6.98| ) 
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which follows from the general quaternionic Ward identity 

\K.klkl + ^e^^^PlPI - ^/As'^^r = (6.184) 
in absence of hypermultiplets. 

When we reduce the theory to = 1, a constant value of = 7^ (i = 1, 2) or P| = 
7^ are both compatible with all the constraints ( |6.176| )-( 6.178|) ; in particular L^^X = 



and ^^'Ca ~ implying the presence of a = 1 Fayet-Iliopoulos term corresponding to 
, or a constant F-term corresponding to C,x- 

6.5 = 2 ^ = 1 scalar potential 

Let us now compute explicitely the reduction of the scalar potential of the N = 2 theory 
down to = 1. The N = 2 scalar potential is given by: 

V^=' = (fejA;i4 + 4/i„,A;Xfc^)l^L^+(-^(ImAr-i)^'^ -I^L^) P^^P^-SP^P^L^'l'' 

(6.185) 

while the N = 1 scalar potential can be written in terms of the covariantly holomorphic 
superpotential L as: 

V^=i = 4 (VeLVjLg" - 3\L\' + ^Im/A^I^^D^) , (6.186) 

where the holomorphic index i runs over all the scalars of the theory. 

Before performing the reduction it is instructive to work out in detail the supersymmetry 

Ward identity involving the scalar potential |]SB[, [F^ : 



5|V^=2 = -US'^'^ScB + gj-jW^^^'Wic + 2Ar^Ar-. (6.187) 

Instead of taking the trace of ( |6.187|) on the SU{2) indices A, P, thus recovering the 
potential ( |6.185| ), one can alternatively write down the stronger relations: 



<5jV^=2 = V^=2 = -l2S^^Sci + gxjW^^^Wfc + '^NlN? (6.188) 

52V^=2 = V^=' = -l2'S^''S2c + gjjW^^'^WS^ + 2NIn;^. (6.189) 
and furthermore: 

5lV^=^ = = -l2S^^Sic + gijW'^^w'^^ + 2NlN^. (6.190) 

When we pass to the truncated theory, the matrix Sab becomes diagonal (5*12 ~ PaL'^ = 
0) and its eigenvalues are the masses of the 2 gravitini: 

S.B=(;; I). (6,191) 

where: 

L = '-L''{P],~iPl) (6.192) 

I = iL^(-P^-iPl) (6.193) 
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so that: 



\L\ 
\L\ 



C c22 

022 



4 



(6.194) 
(6.195) 



The difference between the 2 gravitino mass eigenvalues can be written in terms of the 
fermionic shifts as: 



|r|2 |r|2 _ W pi p2 p2 pi \ _ r-lC' Q -q'^C ^ 

l-^l "1-^1 ~ 2 \ X^Y ~ ^X^Y ) ~ "^Cl — ^ ^C2 

= ^{9^^W''^W|c + 2NlN^~g,JW'''^Wic-2NlN^). (6.196) 

Let us now perform the reduction. Using, e.g., equation (|6.188 ) and recalling that 
Si2 = and Nj = (see equation ( |6.161D ), we find : 



2N}N( 



Using equations ( |6.47|) , ( |6.46|) , the first two terms of equation (|6.197|) give: 
- US^^Sn = -W'xPyL^L^ + 3i (PfP^ - P\P^) L^L^ = -12LL 



9ij 



11 



pj, + iPi]{p^~iP4]u 



X r Y 



Y 



tXY 



Ag^^VkLVjL 



(6.197) 

(6.198) 
(6.199) 



For the term gjjW'^'^^W^ we obtain: 



gjjW^^'Wi = -2lmXAi:f^f§W^^'Wi = -hmMAj^D^'D^ = hmfAj^D^'D'' (6.200) 

where we have reduced the indices according to the results of subsection (6.3) and used 
equations ( |6l0l , ( |6l03D , ( |6l05| ). 

To compute the last term in equation (|6.197| ) we use equation (|6.154|) and (|6.167[ ) and 
we find 

2N}Nl = gssN'N" = Ag'^VsLVjL (6.201) 



Collecting all the terms we find that the reduction of the N = 2 scalar potential gives: 

(6.202) 



yN=2^N=l ^ 4 



-3LL + g'~'V,LVjL + g'^VsLVsL + ^IirUj^D^'D'' 

16 



which coincides with the scalar potential ( |6.186| ) of the = 1 theory, where we have 
decomposed the indices according to the fact that the a-model is a product manifold . 

We note that our computation of the reduction of the scalar potential has been per- 
formed by first reducing the N = 2 fermionic shifts to = 1 and then computing the 
potential. Of course, we could also have performed the computation by directly comput- 
ing the reduction of each term of the N = 2 potential. In the latter case, to obtain the 
desired results requires some non trivial computations. In particular, there are some sub- 
tleties related to the observation that the N = 2 potential does not contain "interference" 
contributions of the form P^Pt, '^^ -^fA-^s]' 'w^hile such terms are instead present in the 
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Table 5: 



N = 2{nv = ,Mq (diiiiQ = n) 



U(2,n+1) 
U{2)xU(n+l) 

(n>2) 



N = 1 {nv = 0,Mkh (dime 



U{1) 
SU{1,1) 
C/(l) 
SU{1,1) 

U{1) 
SUjl,!) 
C/(l) 

Sj7(l,l) 
U{1) 



U{l,n} 
U{l)xU{n) 
^ gO(2,n-l) 



SO(4)xSO(n+l) 



G. 



2(2) 



SO (4) 

-^4(4) 



USp(6)xUSp(2) 



^6(2) 



5C/(6)xSC/(2) 



^7(-8) 



S'0{12)x5'l/(2) 

-£^8(-24) 
g7XSt/(2) 



X 



5C/(1,1) 



X 



X 



X 



X 



SO(2)xSOin- 
SUjl,!) 
U{1) 

U{3) 
SU{3,3) 



1) 



5(7(3) x5C/{3)xC/(l) 
SUjl,!) ^ go* (12) 
U{1) ^ C/(6) 
■g^(l.l) ^ ^7(-26) 
j7(l) ^6X50(2) 



= 1 potential, given the form ( |6.162| ) of the D-term and ( |6.163| ) of the superpoten- 
tial. To solve the puzzle and recover the precise correspondence between the N = 2 and 

= 1 theories, one has to use several times the reduced forms of the Ward identities 
of quaternionic and special-Kahler geometries, the definition of the quaternionic Killing 



vectors 



and the expression that the special geometry prepotential gets in 



the reduction, equation ( |6.99|) . The exphcit computation is given in Appendix F. 



6.6 Examples of truncation to = 1 gauged supergravity 

As an application of the formalism developed in this section, we can now consider reduc- 
tion on A^ = 8 to A^ = 1 or in general of A^ = 2 theories down to A^ = 1. 

The simplest case is to consider N = 2 special-Kahler manifolds which are also A^ = 1 
Hodge-Kahler, or submanifolds of half the dimension of quaternionic manifolds which are 
"dual" (under c-map) to special-Kahler. 

We first consider "dual quaternionic manifolds" which are symmetric spaces; they were 



all given in Table 4 of ref. This immediately gives the A^ = 2 — A^ = 1 reduction of 
theories with only hypermultiplets as follows: It is interesting to note that if A^q = 

■^SK = ^^(ijx^ then Hq = SU{2) x G^, where Gc is the compact form of G\. 
From the previous table we can immediately obtain A^ = 1 truncations of A^ = 8 super- 
gravity with {nv^nu) replaced by {n^^='\nc = uy + uq). 

In all these models (unless nq = 0) the Kahler-Hodge manifold will be of the form 

SK{ny) X SKiriQ - 1) x (6.203) 



As a simple example, motivated by string construction |Q , for the application of the 



results of the previous sections, we consider a A^ = 4, _D = 4 matter coupled supergravity 
with gauge group SO{n) {n even). The cx-model of the scalars in presence of gauging is 
given by: 

.6 204) 

U{1) 30(6) X SOC-^^y 

and the content of the scalar sector can be encoded in the vielbein 1-form Pabi where 
the antisymmetric couple AB labels the irrep. 6 e S'[/(4) and / labels the fundamental 
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representation of SO^^^). 

This = 4 theory is reduced to = 2 through the action of a Z2 group and to iV = 1 
by the action of Z2 x The generators of ^2 x ^2 in the R-symmetry group SU{4:) are 
given by: 



(6.205) 



so that two gravitinos are singlets with respect to Z2 and one gravitino is invariant with 
respect to Z2 x '^2- 

To obtain charged matter in the N — A ^ N — 2 reduction, we implement the action 
of Z2 on the gauge group. Let us make the following decomposition 





(I 








\ 




/I 








\ 







1 





















a — 



















1 















e^^ ) 




\o 











SO{n) SO{nA) x SO{nB) 
so that, under the action of Z2: 



(6.206) 



riB 



riA 



(6.207) 



Z2 
Z2 



and then 

AdjiSOiriA)) 
Adj{SO{nB)) 

{nA,nB) ^ 

Correspondingly, for the group SU (4) we have: 

22 



4 
2i 



22 



Ad3{S0{nA)) 
Adj{SO{nB)) 
a{nA,nB). 



a4 
2i 



(6.208) 



(6.209) 



The scalars transforming non trivially under Z2 are projected out and we are left with 
the coset manifold: 



SU(1, 1) ^ SO{2, M(Mri) + !^ 



-1)^ 



X 



SO{A,nAnB) 



U{1) SO(2) X 50(M(M^ + UBiuB-i) ^ sO{4:) X SOiuAUB) 



(6.210) 



where the first two factors define an = 2 special-Kahler manifold and the last factor is 
a quaternionic manifold. 

In order to obtain an = 1 supergravity theory, the gauge groups SO{nA) and 
SO{nB) are further decomposed as follows: 



SO{nA) 
SO{nB) 



SO{ni) X SO{n2) 
S 0(713) X SO (714) 



(6.211) 
(6.212) 



and we define the action of Zg as: 



ni 



rii 



n2 



(3n2 



(6.213) 
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This induces an action of Z2 x on the decomposition of the gauge group: 



Adj{SOin)) AdjiSOiriA)) + AdjiSOinn)) + (ua, n^). 

™^ Adj{SOin,)), + Adj{S0in2))i + Adj{SO{ns)), + Adj{SOin^))i + 
+ (ni, n2, 1, l)/3 + (1, 1, ng, ni)(3 + (rii, 1, ng, 1)« + 
+ 1, 1, ra4)a/3 + (1, n2, ns, 1)^/? + (1, ^2, 1, ^4)0 (6.214) 

In equation ( |6.214| ) we have labelled each representation with indices a/3 whose 

meaning is that the corresponding representation is invariant or transforms under a, f3 or 
a/3 respectively. That is the representations Adj{SO{ni)) are invariant under Z2 x Zg, 
while the remaining bifundamental representations {rij, rij) transform as follows: 

(ni, 713); (n2, 714) transform under a 
(ni, 712); (ns, transform under /3 

(n2, Tia); (ni, n4) transform under a/3 (6.215) 
With the same notation, let us now consider the Z2 x Zg action on the 6 of SU{4): 

6 ^ 4„ + 2i 

(2„ + 2,^3) + 2^3 (6.216) 

Joining the information coming from the the decomposition of SU{A) and S0{ ^^"'~^^ ) 
we see that the scalars which remain invariant under the action of Z2 x Zg are given 
by the vielbein in the following representations: P2c(ni,n3);^2,(n2,n4); ^2^(ni,n2);^2^(n3,n4); 
,i3{ni,n4)'jP2ai3{n2,ns)- This mcaus that the special-Kahler manifold reduces to: 

^^7(1,1)^^ gO(2,MlM^ + "^("^^-^ ) SU{1,1) SO{2,n,n2 + n3n4) 



Uil) S0{2) X SO C^%^-'^ + "^("^^-1) ) U{1) S0{2)x SOinin2 + n3n4y 

(6.217) 

while the quaternionic manifold splits as follows: 

5*0(4, n^ns) 50(2, ni^s + ^2^4) SO{2,nin4 + n2n3) 



50(4) X SOinAUB) 50(2) x SOirum + niUi) 50(2) x 50(nin4 + 712113) 

(6.218) 

Let us now comment this result. 
From the analysis in section (6,2) we have learnt that when we reduce a gauged N = 2 
theory to = 1 (with G^^) ^ O^^)) the surviving scalars from the vector multiplets sector 
are those which are in the representation R{G^^'') according to equation ( |6.174| ), while all 
the scalars in the adjoint representation of 0*^^-' are truncated out. Precisely this happens 
in our case. Indeed, from equation ( |6.217| ) the irreps (ni,n2) and (77,3, n4) belong to the 



left over representations in equation (|6.214|). Furthermore, all the other bifundamental 



rep. belong to the scalars coming from the quaternionic sector, according to equation 
(|6.218| ). Note that the total dimensional of the product manifold of equation ( |6.218|) is 



exactly half the dimension of the parent quaternionic manifold, according to the general 
result found in section (6.1). It is interesting to observe that the same kind of result 
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appears in the decomposition = 4 — = 2 described by equation ( p.21(J| ). In fact, the 
reduced product manifold in equation (|6.210|) has a cr-model whose scalars belong again 



to the representation R = (ua, ub) left over in the reduction of the adjoint representation 
of the = 4 gauge group. 

Other examples can be obtained |^ from heterotic strings compactified on orb- 



ifolds with reduced non abelian gauge group Eq. 

We finally observe that the N = 2 special-Kahler manifold in the l.h.s. of ( |6.217|) can 



be parametrized with the symplectic section {L^,M\ = rjAnSL^) (with L^L^rj^s = 
and ?7as = (1,1,— 1, ■■■;"!)) where a prepotential F does not exist In this case the 
N = 2 vector kinetic matrix has the form: 

_ _ _ _ tA 
A/as = {S-S) ($a$s + $a$s) + S^ah ; $a = , (6.219) 



When we perform the truncation to = 1, the sections become zero, and the A^ 
vector kinetic matrix takes the form: 



ATas = 5r/As, (6.220) 

that is it becomes antiholomorphic in the complex scalar S parametrizing the manifold 

su{i,i) 

U{1) ■ 
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Appendix A: Supersymmetry reduction from super- 
space Bianchi identities 

We want now to show that the constraints found at the level of supersymmetry transfor- 
mation laws are actually sufficient to guarantee the closure of the supersymmetry algebra 
of the reduced theory. 

We prove this statement by considering the reduction of the superspace Bianchi identities 
of the N = 8 theory (which, as is well known, is equivalent to the "on-shell" closure of the 
supersymmetry algebra). The N = 8 Bianchi identities are [0,|@3| (we omit the wedge 
product symbols among the products of forms): 



RP'^ AVg + i^l^Al^P^ - WaI"^'' = (A.l) 
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VpA + -^R^'lpqil^A - Ra^^b = (A.2) 
VF^^ - 2ff^-p^r - 2T''^''-pAi^B + 

-^7^^""PW"^^ - ^/^BP""""?.^. = (A.3) 

V {VXABC) iRlA^^XBClL + -^R^'lpqXABC = (A.4) 

^Pabcd = (A.5) 
in terms of the supercovariant field-strengths: 

TP = VVP - ^ V'aT^V'^ = (A.6) 
RP1 = du^'^ - (A.7) 

^ dA^^ + f^^rr + T''^^'' i^Ai^B (A.8) 

PA = V^A + oj/ijB (A.9) 

VxABc = ^^Xabc + 3tc;[^^XBC]L (A. 10) 

Ra'^ = duj/ ^uj^^ujc^. (A.ll) 

Note that all the fields are actually superfield 1-forms whose restriction at ^ = o?^ = 
gives the ordinary space-time fields. 

To show how the Bianchi identities of the N = 8 theory reduce to the Bianchi identities 
of the N — N' theory, we just work out the example of the N — 8 ^ N — 6 reduction. 
The other cases can be analyzed in analogous way. 

First of all we see that, by decomposing the R-symmetry indices as in section 2 and 
setting ipi = (i = 7,8), the supercovariant field-strengths get reduced as follows: the 
superspace bosonic vielbein and the spin connection uj^'^ (p, q denote space-time fiat 
indices) remain untouched by the reduction, and the same happens of course for the 
Lorentz curvature it!^^ and supertorsion T^. 
As far as the gravitinos are concerned, we find: 

p„ = PV'a + ^aV6 (A. 12) 

= Pi=<V'a (A.13) 

which implies a;^" = 0, consistently with what we found in section 4. As a consequenc, 
the gravitinos Bianchi identities reduce to: 

Vpa + ^R^'lp^Pa + Ra'A = (A. 14) 

which is the correct Bianchi identity for an A?^ = 6 gravitino, while consistency of the 
truncation implies: 

Vp, = R.'^i^a = ^ i?," = (A.15) 

again in agreement with the a-model results. 
Let us analyze the spin one-half sector. It gives 

VXabc = 1^Xabc + ^UJ^/xbc]d + ^[aXbc]i (A. 16) 

^Xabi = T^Xahi - 2u^fxb]di + 2L0^Jxb]ij + ^fXdab + -^/Xjab (A. 17) 

VXay = T^Xai3-^a'^Xdi3+2uJ^fx3]ad + ^i'^^Xjab- (A.18) 
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Since = 0, we see that the last equation is satisfied only setting Xiab = 0, (as already 
known from section 2, since they belong to the gravitino multiplets truncated out). What 
is left is the spin one-half sector of the = 6 theory. It is now straightforward to see 
that the Bianchi identities for Xabc and Xaij reduce, after imposing again the constraint 
tu^* = 0, to the corresponding = 6 Bianchi identities, while the Bianchi identity for Xabi 
is, consistently, identically satisfied. 

The analysis of the scalar sector Pabcd and its Bianchi identity is identical to what has 

been already discussed in section 4, and does not deserve further analysis. 

Finally, the Bianchi identity for the vector field strengths, with ipi = Pi = 0, reduces to: 

VF^^ = -2f^^r^' - ^7^"'^V„,.,^>^ - lt^^''PaM,r^' - ^7^""P...?>^ (A.19) 

Here, the scalar vielbein Patd = according to the discussion of section 2 and 4. Further- 
more, the reduction of the couple of indices AS goes according to what we have discussed 
in section 5. Since the duality group acts now on the electric and magnetic field-strengths 
in the representation 32 of 5*0* (12), we simply substitute the couple AS with an index 
r running from 1 to 16. Note that the corresponding quantities /^^, f^j are 16 x 16 sub- 
blocks of the 32 X 32 matrix U, which has exactly the same form of equation ( |5.6| ), but 
valued in 5'p(32,lR), which gives the embedded coset representative. 

Appendix B: Consistency of the Bianchi identities for 
= 2 ^ = 1 gauged theory in D = A. 

In the same spirit of the analysis of section (5.1), it is easy to show that the closure of 
Bianchi identities of the N = 2 theory implies the consistent closure of the reduced A^ = 1 
theory. 

The definition of the supercurvatures and superspace Bianchi identities for the N = 2 
theory have been given in ref (Appendix A). 

We have to reduce these objects to their A^ = 1 expressions, and to show that they 
coincide with the definitions of the supercurvatures and superspace Bianchi identities for 
the A^ = 1 theory. We quote in the following their standard expression. 

Curvatures of A^ = 1 gauged theory 



rpa 


= vv 


- iip'^y^ip, = 


(B.l) 








(B.2) 


p* 


= VV^. 




(B.3) 




= Vx* 


= vx' + r,x^ -\Qx' 


(B.4) 




= dA^ 


+ \C\,A^A^ 


(B.5) 




= VX^ 


+ ^QA^ + C^^A^'X^ 


(B.6) 




= dz' -i 


-giA)k\A^ 


(B.7) 
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where the gauged connections are defined as: 

r,. = r^. + (7(A)V,A;XA^ (B.8) 

Q = g + (?(A)PAA^. (B.9) 

The ungauged connection Q is given by 

Q = Q,Vz' + g,V#. (B.IO) 

Bianchi identities of = 1 gauged theory 

- i^Vp. + i?.7 V = (B.ll) 

VR"^ = (B.12) 

V'^/-. + ^labR""'^. -'-U. = (B. 13) 

+ l^abR^'Y + R'jX' + ^iCx' = (B.14) 

VF^ = (B.15) 

V'A^ + ^Tafei^^'A^ - ^£a^ - C\rA^ A^ = (B. 16) 

VV - ^(A)A;\F^ = (B.17) 

In the ungauged case, it is straightforward to see that the conditions found in the text 
from the analysis of the reduction of the quaternionic sector and of supersymmetry trans- 
formation laws are indeed necessary and sufficient, after setting ip2 = P2 = 0, for reducing 
the N = 2 supercurvatures and Bianchi identities to the corresponding = 1 expres- 
sions. 

We only observe that in the covariant differential of (a and its Bianchi identity, after 
decomposition of the index a = (/,/), we get, as integrability condition: 

V'O + ^R^'labCi + '-KO + lR/0 = , (since H/ = 0). (B.18) 



This equation can be converted in world indices on using equation (|6.153|). Using 



further the reduction of equation (|6.147|) one then recovers the correct = 1 result, in 



terms of the Riemann curvature of the }A^^ manifold, with 

Note that VL^ is one half of the Kahler form of the Kahler- Hodge manifold M.^^ . 
As far as the gauged theory is concerned, we observe that the ungauged conditions 

r". = i?". = u:^ = uj'^ = Q} =n'^ = A/ = i?/ = (B.20) 

become the corresponding ones for the gauged quantities 

f°. = R". = Q^ =Q^ = 0} = = A/ = R/ = 0. (B.21) 
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Recalling the definition of the hatted quantities, we find that the following objects must 
be zero: 



g^^^F^Vjkl = 




(B.22) 
(B.23) 
(B.24) 



The previous conditions can be analyzed in the light of the results obtained in section 6, 
and it is straightforward to see that they are actually satisfied. Thus the reduced theory 
has the correct integrability conditions. 



Appendix C: A useful formula for the N = 2 gaugino 
transformation law 



In this Appendix we show how to retrieve equation ( |6.86| ) from ( p.3| ). To avoid a too heavy 
notation, we write in this Appendix the world indices and gauge indices without hat and 
tilde, since we are not going to perform any reduction. We are interested in trading the 
world index i of the gauginos A*"^ with a gauge index A, through the definition: 



A\iA 



(C.l) 



However, the gauge index of the N = 2 theory runs over ny + 1 values (because of the 
presence of the graviphoton) while the index i takes only ny values. The extra gaugino, 
say A°, is actually spurious, since, as discussed in section (6.2), A^^ satisfies: 



TaA^^ 



(C.2) 
where T\ is the projector on the graviphoton field-strength, according to equation (|6.16|) 



48| . In order to show that the ny gauginos A do appropriately transform into the ny 



matter-vector field strengths, let us now calculate the susy transformation law of the new 
fermions A"^"^, which, up to 3-fermions terms, is: 



6X 



AA 



-2ft6X^ = -2ft \-g''^f^\mNr^F;^l^''e^'' + 



AB 



Now we use the following relations of special geometry 

-2//^ImAAAs/f 



9i3 
61 



-2g^^ ftlmNK^ff 



U 



AS 



{ImAfy 



AE _A ^ 

- L L^. 



ImA^AsL^Lf 
Eq. (|U.3| ) can then be rewritten as: 



6\ 



AA 



-r^AB 



2U^HmNj,rF^,' e 



2ftkiL^e^'' - 2if/^^P^((T")^^ 



(C.3) 
(C.4) 

(C.5) 
(C.6) 

(C.7) 
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Now, using the definition of tlie special geometry Killing vectors 



we have: 



where we have used the special geometry formulae ||^: 

- cA _ V7 r A 



0, /f^V.L^ 



Therefore equation ( |U.7| ) becomes: 



5X 



KA 



-2U 



AS 



Let us now set 



(C.8) 
(C.9) 

(C.IO) 
(C.ll) 

(C.12) 
(C.13) 

(C.14) 
(C.15) 

Therefore P^p is the projector orthogonal to the graviphoton, that is it projects the n^ + l 
vector field-strengths onto the n„ field-strengths of the vector multiplets. 
We can then rewrite equation ( |U.11| ) as: 



where Ta is defined by equation ( p.84| ) and satisfies : 



-i: 



Then we have: 



pA pS _ pA 
S-* r ~ T; 



Ta// 



TaPp^ = 



which is the equation given in the text. Note that 



(C.16) 



A 



AA 



fA _ pA /■S 
Ji — ^ T.Ji ■ 



(C.17) 



It is useful to write down the explicit decomposition of the field strength into the 
graviphoton and matter vectors part, that is: 



p-A 



iL^Tj.F-J' + P^F-J'. 



Equation ( |(J.ltj| ) becomes: 



6\i 



P' 



F~jY''e^'' + i{lmM) 



-isr 



(C.18) 



(C.19) 



where we see, as expected, that the gauginos A^"^ do transform only into the matter- vector 
field strengths P\F~J^. Hence, equation ( |C.19| ) intrinsically defines only ny independent 
gauginos transforming into the N = 2 field strengths {P\F 
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Appendix D: Reduction of special geometry in special 
coordinates 



If we choose special coordinates for special geometry | 
A = (A, Y) and I = {i,a) are identified by the fact that 



J 5 IMJ 5 II -^Hl 5 



(A = a , r = z) 



,|59|, then the indices 
(D.l) 



and a prepotential F{X) exists such that f(t) = jyo^F{X), with: 



X'Fr 



dif. 



Furthermore, 



e"^ = i 



The constraints that define the submanifold Aiji become: 



Wija = didjdaf = , Wa^aias = da^Qa^QaJ = 

^ = = daX"" = OJa = djx = 



X 



(D.2) 
(D.3) 

(D.4) 

(D.5) 
(D.6) 



where we used the fact that lCa\MR = 0. 

In this basis ATas = i9a<9s/ and the Kahler potential on A^/j is: 



e-'^^ = i 



2/ - 2/ + )(/. + /.) 



[D.7) 



Note that -FaIa^h ~ implies daf\MR = which in turn implies dadif\MR = 0, Waij 
dadidjflMu = 0. Therefore the most general form for / is (t"^ =^ (t\ z°')): 



f{t\ = fit) + E ■ ■ ■ W > Uc^asit) = 0. 



(D.8) 



n>2 



For the manifold SU{1,1)/U{1) x S0{2,n) /[S0{2) x SO{n)] used in section (6.6), 



with coordinates (t°, t\ ■ ■ ■ , t"', Z"*^, 
parametrized with coordinates t^, ■ ■ ■ , t" ) and the holomorphic prepotential is [^,P8 



the reduced manifold (z\ - ■ ■ , z"' 



is 



in accordance to equation 



apZ'^Z^ 



1,-1, 



-1)] (D.9) 



, i=l 



Appendix E: Reduction of the quaternionic Ward iden- 
tity 

We derive here the conditions on the quaternionic prepotentials and Killing vectors, dis- 
cussed in Section (6.5), from the reduction of the quaternionic Ward identity ( |6.184|) , 
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which is essential for the vahdity of the N = 2 supersymmetric Ward identity involving 
the scalar potential, that is the relation ||^: 

\K.klkl + ^e^^^PlPI - ^/AE^^Pr^ = (E.l) 

After projection, and using the just found results = 0; = 0, it decomposes in a set 
of equations 

• A = A; S = S 

l^^klkl + le'^PiPi - ^/a/P^. = (E.2) 

l^Lklkl + \^'nPi - Ih^'^P^ = (E.3) 

Since Pj^ = 0, and since /as^ = (because G*^^^ C G^"^^), then equation ( [E.2| ) gives 

ki = 0, (E.4) 

as indeed was expected from geometrical considerations. 
Then, equation (|E.3| ) becomes 

jQl-Mkl - ^/ae'^f = 0. (E.5) 

Setting A = — 1 and recalling that —Qss is half of the Kahler form of the reduced 
submanifold, we recognize that equation (|E.5|) expresses the Poissonian realization 
of the Lie algebra of the prepotentials P^ on the Kahler-Hodge submanifold Ai^^ , 
namely: 

{Pi, P|}p = /^/P3. (E.6) 

• A = A; S = r 

l^ltklkl. - \e^^PlP^ - Ihy'Ph = (E.7) 
l^Lklk^Y + l^'PkPl - IfAY^P^ = (E.8) 

Eq. ( |E.7| ) gives a relation which has to be valid everywhere on the submanifold. 
Since fl^^ = 0, Px = Pjv = 0, and considering (|E.4| ), then equation ( [E.8|) is identically 
satisfied. 

• A = X; S = r 

J^r,,kj,k'y - y^p'xPi - Ifxr'Pz = (E.9) 
jnl,k'xk'; + U^PkP'i- - \fxY^PT = (E.io) 

Eq. ( [E.9| ) is identically satisfied for fxy^, while equation ( [E.10| ) is a relation to be 
satisfied all over the submanifold. 



51 



Appendix F: Computation of the = 2 ^ = 1 scalar 
potential 

We want to solve here a puzzle raised in the text about the scalar potential. In the N = 2 
theory, the scalar potential has the form [^: 

= {gjjkik^ + ^Kvklkl)L''L'' + U''''P^P^-3P^P^L''L^. (F.l) 

which manifestly does not contain contributions antisymmetric in the quaternionic prepo- 
tentials or Killing vectors, nor it has interference terms P^Pj^ between quaternionic and 
special-Kahler isometrics. 
On the other hand, the = 1 scalar potential: 

V^=i = 4 (v.LVjLg'' - 3\L\' + ^Imh^D^D''^ , (F.2) 

does instead contain both kinds of interference contributions, given the form of the su- 
perpotential L = '^L^{Pjc - i^l) and of the D-term = -2(Im/)-i^^(P° + P|) which 
appear quadratically in ( [b'.2D . 

The interference contributions in ( [F.2|) have therefore to cancel each other. As we 
are going to show, this does indeed happen, in a way which involves non trivially the 
properties obeyed by the special-Kahler and quaternionic Killing vectors. Let us analyze 
and reduce separately the various contributions to the N = 2 potential, using all the 
constraint relations found in Section 6. 

~12S^^Sii =^ -12|L|2 

= -SP'^P^L^L^ - QiPKPy]L^L^ (F.3) 



g'^ViL^VjL^P'xPy + 2iPfxPY]L^L^ (FA) 



gjjW'W,, (Im/)--- (P^P^ + P^Pi) + 2U-^PlP^ (F.5) 

where we have used equation ( |C.9| ) of Appendix C, the identity of special geometry ( |6.106| ) 
and the definition of the prepotential Pp, equation (|6.99| ). 

2N]Ni =^ Ag'~'VsLVjL 

= g'^VsPkVsPl^ + 2ig'^^VsP(x^sPl^] (F.6) 

The last term in equation (|F.6|) is transformed using the definition of quaternionic Killing 
vectors: 

2kini, = VuPl (F.7) 
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the realization of the SU{2) algebra on the curvatures Q^: 

h^'ni^ny^ = -\^5^yK^ + Xe^y^ni^ (f.s) 

and the normalization chosen for the metric on }A^^: 



hss = ^9ss- (F.9) 



After some calculations we get: 



= 4iPf^p2^L^L''-2P?pO(Ini/)-iAs (F.IO) 

where we have applied the quaternionic Ward identity (|6.184|) discussed in Appendix D 
to the present case and the definition of the prepotential P°, equation ( |6.99| ). Collecting 
together all the terms in eqs. (|F.3|) , ( [F.4| ), ( [F.5|) , ([F.10|) , we find that the antisymmetric 
parts in A, E and the two terms in P^P^. cancel against each other identically. 



Appendix G: The N = 2 and = 1 Lagrangians in 

D = A 

For reference of the reader we give here the Lagrangian of the N = 2 theory and of the 
= 1 theory as given in reference [^] P| 
The A^ = 1 lagrangian is, up to four-fermions terms: 

(detV)-^/:^=^ = -^n + i{h^J';J'J'~^^''-Jj,^J'^J'J'+''^'')+g.jV,z'W^ 



+ igr, iTTtrr, + N^xh'^.,) + \pk (a'N'^V'.^ - Xl'i^t 



2 

+ M,,tx' + Mjjtx^ + A4AEA;^Af + A^aeA^'A^' 
+ A^A* Af + ATaJ^'x' - V(z, z, q) 



13 



Some misprints of ref. Eq] have been corrected 
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where the kinetic matrix /as is a holomorphic function of 2;*, and the mass matrices 
Mij,MAj:,MAi are given by: 

Mij = V.V.L (G.l) 
Maj: = '-N'diAfAi: (G.2) 

o 

Mm = -i^lmMAi^d^D'' -^klg,^ (G.3) 
where we have set JF^"^ = \{J^f^y ± ^e^"^" J^^^), J-'^^ being the field-strengths of the vectors 

Note that, since the scalar manifold is a Kahler- Hodge manifold, all the fields and the 
bosonic sections have a definite U{1) weight p under U{1). We have 







= p{z') = p{gij) = 


pIATas) = p(D^) = p{Pa) = p{V) = 




= p{x') = 


Pi>^t) = Pi^.) = 


1 
2 


pm 


= pix") = 


p(A^-) = Pis') = 


1 


p{L) 


= p{M,j) 


= p(Maj:) = 1 




p{L) 


= p(Mjj) 


= p{Maj:) = -1 





(G.4) 

Accordingly, when a covariant derivative acts on a field $ of weight p it is also U{1) 
covariant (besides possibly Lorentz, gauge and scalar manifold coordinate symmetries) 
according to the following definitions: 

Vi$ = (di + lpdilC)^ ; Vi.$ = {di, - Ipdi.JC)^ (G.5) 

where )C{z,z) is the Kahler potential. 

On the other hand, the N = 2 Lagrangian, up to four-fermions terms, is: 

(detl^)-^£^=2 = R + g-V^z'V^zUK.V^q^V^q'' + ^=(i^^j.pA.x-^A>.l.ptx) 

+ 2i (aTas^^-^-F-^^'^ - ArAs-F+^^+^'^'^) + { - g^^V,zhp''^y^ 

- 2W„^"V^g>:;Ca + 9^JV,z^^Y''^Au + 2W„"^V^gX„7^>A. + h.c.} 

+ {^^/imATAs [AL^^'^'r^eAB - 4i7?A^7>^e^^ 

+ l^^ff^^Y^')^'''eAB " L^C^Y'C^C^^] + h.C.} 

+ M'^^CaCp + -M" bCA^^ + A^., abX^A^-^ + h.c] - V(z,^, g). (G.6) 

Furthermore L^{z, z) are the covariantly holomorphic sections of the special geometry, 
fl^ = ViL^ and the kinetic matrix A/as is constructed in terms of and its magnetic 
dual according to reference 0. The normalization of the kinetic term for the quaternions 
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depends on the scale A of the quaternionic manifold for which we have chosen the value 
A = —1. Finally, the mass matrices of the spin | fermions A^"^, AiABij, J^'ia (and their 
hermitian conjugates) and the scalar potential V are given by: 

^ -U^^U^^e^sVH'iL^ (G.7) 
M'^,^ = -AW^B^klft (G.8) 

MAB^k = eAB9n^ft]K + \^PIvAB^^ft (G.9) 



V{z,^,q) = /[(^,5A:\4 + 4/i„„A;Xfc^)LV + ^7^7^/i^n^E-3LVpX^g] . (G.IO) 
The f/(l)-Kahler weight of the Fermi fields is 

P(^^) = P(A-^)=P(C) = ^. (G.ll) 
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